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1 INTRODUCTION

ABSTRACT

We analyse photometry for 138 first overtone Cepheids from the Small Magellanic Cloud,
in which Optical Gravitational Lensing Experiment team discovered additional variability
with period shorter than first overtone period, and period ratios in the P/Po € (0.60,0.65)
range. In the Petersen diagram, these stars form three well-separated sequences. The additional
variability cannot correspond to other radial mode. This form of pulsation is still puzzling.
We find that amplitude of the additional variability is small, typically 2-4 per cent of the first
overtone amplitude, which corresponds to 2-5 mmag. In some stars, we find simultaneously
two close periodicities corresponding to two sequences in the Petersen diagram. The most
important finding is the detection of power excess at half the frequency of the additional
variability (at subharmonic) in 35 per cent of the analysed stars. Interestingly, power excess
at subharmonic frequency is detected mostly for stars of the middle sequence in the Petersen
diagram (74 per cent), incidence rate is much lower for stars of the top sequence (31 per cent),
and phenomenon is not detected for stars of the bottom sequence. The amplitude and/or phase
of the additional periodicities strongly vary in time. Similar form of pulsation is observed
in first overtone RR Lyrae stars. Our results indicate that the nature and cause of this form
of pulsation is the same in the two groups of classical pulsators; consequently, a common
model explaining this form of pulsation should be searched for. Our results favour the theory
of the excitation of non-radial modes of angular degrees 7, 8 and 9, proposed recently by
Dziembowski.

Key words: methods: data analysis—stars: oscillations—stars: variables: Cepheids—
Magellanic Clouds.

mode radial pulsation, F+10+-20 and 10420430, was identified
(Moskalik, Kotaczkowski & Mizerski 2004; Soszyriski et al. 20084,

The majority of classical Cepheids are single-periodic, radial pul-
sators. More complex pulsation is not rare, however. Double-mode
Cepheids pulsating simultaneously in the radial fundamental and
in the radial first overtone modes (F+10) and in the two low-
est order radial overtones (10+20) are known for years. These
form of pulsation is recognized based on characteristic period
ratios of the excited pulsation modes, Pao/Pio =~ 0.80-0.81 for
10420 pulsators and Pyo/Py ~ 0.715-0.74 for F+10 pulsators
(e.g. Soszynski et al. 2008b, 2010). A well-known fact is that pe-
riod ratio depends on metallicity: characteristic values may slightly
differ for stars from different stellar systems. The Optical Gravita-
tional Lensing Experiment (OGLE; Udalski et al. 2008; Udalski,
Szymariski & Szymarski 2015) observations led to the discovery
of other forms of multiperiodic pulsation among Cepheids. Triple-
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2010, 2011, 2015). A very interesting triple-mode Cepheid, with
10, 20 and additional longer period mode, was discovered with
CoRoT (Poretti, Baglin & Weiss 2014). Rare and peculiar double-
mode pulsations were also discovered, including 10+30 pulsation
with 20 apparently not excited (Soszyriski et al. 2008a, 2015) and
first double-mode 20430 Cepheid (Soszyfiski et al. 2015). For
recent review, see Moskalik (2014).

The analysis of 10 Cepheids revealed another, most interest-
ing group of double-periodic pulsators. In more than hundred 10
Cepheids additional small-amplitude variability, with period shorter
than first overtone period, was detected. The period ratios fall in
the P/Po € (0.6,0.65) range and cannot correspond to two radial
modes (Dziembowski & Smolec 2009). 35 stars were reported in the
Large Magellanic Cloud (LMC; Soszyiski et al. 2008b; Moskalik
& Kotaczkowski 2009), 138 stars in the Small Magellanic Cloud
(SMC; Soszynski et al. 2010) and 1 star was found in the Galac-
tic disc (Pietrukowicz et al. 2013). One LMC star with additional
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variability pulsates simultaneously in the radial fundamental and
first overtone modes (Moskalik & Kolaczkowski 2009). Two stars
were also identified in the Kepler-K2 photometry (Plachy et al., in
preparation). In the Petersen diagram, i.e. in the plot of shorter-to-
longer period ratio versus the longer period, these stars group in the
three well separated sequences.

Interestingly, very similar form of pulsation is present in
RR Lyrae stars, see the most in-depth and extensive studies of the
phenomenon by Moskalik et al. (2015), Netzel, Smolec & Moskalik
(2015a,b) and Jurcsik et al. (2015). Additional variability is detected
in first overtone pulsators (RRc) or in double-mode F+10 pulsators
(RRd). Period ratios fall in the similar range, P/Po € (0.60,0.64).
Three sequences are present in the Petersen diagram as well, al-
though they are not that well separated as in the case of Cepheids
(Netzel et al. 2015b). Thanks to ultra-precise observations by space
telescopes, Kepler and CoRoT (e.g. Szabd, Benkd & Papar6 2014;
Molnér et al. 2015; Moskalik et al. 2015; Kurtz et al. 2016), and de-
tailed analysis of ground-based observations (Netzel et al. 2015a,b;
Jurcsik et al. 2015) this form of pulsation is well studied in RR Lyr
stars. In particular, we know that in the frequency spectra of these
stars, signal (power excess) at subharmonic of the additional fre-
quency is present. Signals associated with the additional variability
are broad and non-coherent. In the time domain, it corresponds to
strong variability of amplitude and frequency on a time-scale of a
few tens to hundreds of days. The phenomenon must be common
among RRc/RRd stars, as 14 out of 15 stars observed from space
show this form of pulsation (for a summary, see Moskalik et al.
2015).

In contrast to RR Lyr stars, 10 Cepheids were not extensively
observed from space (see Section 4.1). Analysis of ground-based
data, in particular of the largest sample of 138 of these interesting
stars from SMC is missing. Soszyiiski et al. (2010) only reported
the discovery of these stars and provided their periods and period
ratios. In the present study, we analyse the OGLE-III data for these
interesting objects in detail. We do not search for additional objects,
but focus on those in which we know that additional variability is
present. Our goal is to study the properties of the variability in
detail. In particular, we check for the presence of subharmonics of
the additional signal, analyse the amplitude distribution and time-
variation of the additional signals. These are necessary information
for the models and theories to explain this peculiar and puzzling
form of pulsation.

R. Smolec and M. Sniegowska

2 DATA ANALYSIS

We analyse OGLE-III /-band photometry for 138 stars listed in
Soszynski et al. (2010). All these stars were identified as 10
Cepheids with additional small amplitude variability, with period
ratios in the P/P;g € (0.6,0.65) range. We use standard consecu-
tive pre-whitening technique. We identify the dominant frequencies
with the help of discrete Fourier transform (FT). Next, we fit the
data with the sine series of the following form:

m(t) = mo+ ) Agsin(mvt + ¢), M
k

using the non-linear least-square fitting. The FT of residual data
is inspected for the presence of additional signals, which are it-
eratively included in equation (1). Only resolved frequencies are
included. We consider two peaks as well resolved if their separation
is larger than 2/ AT, where AT is data length. In the FT, the sig-
nal is considered significant if signal-to-noise ratio (S/N) exceeds
4. The criterion is relaxed for signals at combination frequencies,

MNRAS 458, 3561-3577 (2016)

provided that peak is present exactly (within frequency resolution)
at the expected position (we accept S/N > 3.5). Typically our
solution consists of low-order (3—6) Fourier series describing the
dominant variability associated with the first overtone (kvg), sine
term with the frequency of the additional variability of interest (v, )
and possibly with the combination frequency with the first over-
tone frequency (typically vio + vy). Additional significant signals
we find, that do not fall in the P/P|p € (0.6, 0.65) range, are also
included in equation (1).

During the analysis we reject the outliers (4o criterion) and re-
move slow trends through subtracting from the original data the
low-order polynomials or splines. These functions are fitted to the
residuals. Quite often, after pre-whitening with the first overtone
frequency and its harmonics, residual signal remains at the location
unresolved with kv,o. Typically it corresponds to the long-term
variation of the first overtone phase (period change). This signal
may be significant which increases the noise level in the FT and
consequently may hide the additional variabilities. In such case, we
get rid of the non-stationary first overtone variation with the help
of time-dependent pre-whitening technique, described and applied
to the Kepler data by Moskalik et al. (2015). Application to the
ground-based OGLE data is described in more detail in Netzel et al.
(2015a).

Strong daily aliases and 1-yr aliases are inherent to ground-based
OGLE observations of the SMC. As the signals we search for are
relatively weak, the alias-related ambiguities can happen. In some
stars, after pre-whitening with the first overtone frequency, we detect
a few significant peaks of similar height which are mutual daily
aliases. If period corresponding to one of them falls in the P/P o €
(0.6, 0.65) range, then this peak is accepted as a true signal, even if
it is not the highest peak. All such cases are reported explicitly in
the study.

3 RESULTS

3.1 Overview

Results of our analysis are collected in Table Al in the Appendix.
For a reference, a section of the Table is presented in Table 1.
In consecutive columns there are: star’s id, first overtone period,
Pjo, period of the additional variability in the P/P,o € (0.6, 0.65)
range, P,, period ratio, P,/P o, amplitude of the first overtone
mode, amplitude ratio, A /A0, and remarks. The resulting Petersen
diagram is plotted in Fig. 1.

In the frequency spectrum, the additional variability rarely ap-
pears as a single and coherent peak. Typically more complex struc-
tures are present; examples are illustrated in Fig. 2. Sometimes two
dominant close peaks are detected, as illustrated in the top two pan-
els of Fig. 2. In other cases the signal appears as a complex cluster
of peaks, as illustrated in the two lower panels of Fig. 2. In our
analysis, we pick the highest peak in the cluster, or in a group of
close peaks (marked with filled diamonds in Fig. 2), and include
its frequency in equation (1). Its properties, period and amplitude,
P, and A,, are then given in Table |. After pre-whitening, residual,
unresolved power is often detected. Such appearance of additional
variability indicates that it is strongly non-stationary, with variable
phase and/or amplitude (see Section 3.6). All stars in which more
complex structures are detected at v, (two close peaks, clusters of
peaks, residual power after pre-whitening) are marked with ‘nsx’
in the remarks column of Table |. These structures indicate that ad-
ditional variability is non-stationary, see Section 3.6. The different
appearance of the signal may result from different time-scales of
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Table 1. Properties of 10 Cepheids with additional variability. The consecutive columns contain: star’s id, first overtone period, P\o, period of the
additional variability, Py, period ratio, Pyx/P)0, amplitude of the first overtone, Ao, and amplitude ratio, A, /Ao, and remarks: ‘al’ — daily alias of
signal at v, is higher; ‘nsx’ — complex appearance of the signal at v,; ‘nsQ’ — non-stationary first overtone; ‘cf’ — combination frequency of vy and
v detected; ‘sh’ — power excess at subharmonic frequency (centred at 1/2v,) detected; ‘ap’ — additional periodicity detected; ‘tdp’ — time-dependent
analysis was conducted; ‘7" — weak detection (S/N given in the parenthesis). Full table is in the Appendix A (Table Al).

Star Pio (d) Py (d) P./Pio A1p (mag) Ax /A0 Remarks
OGLE-SMC-CEP-0056 0.9860208(7) 0.60373(1) 0.6123 0.1689 0.024 7(SIN =3.77)
OGLE-SMC-CEP-0212 1.741010(4) 1.08766(4) 0.6247 0.0997 0.036 sh, nsx
OGLE-SMC-CEP-0251 1.796802(1) 1.12279(2) 0.6249 0.1399 0.029 sh, nsx
OGLE-SMC-CEP-0280 1.675191(1) 1.04344(2) 0.6229 0.1377 0.026 nsO, ap
OGLE-SMC-CEP-0281 1.2662457(7) 0.774075(9) 0.6113 0.1263 0.033 al, nsx
OGLE-SMC-CEP-0307 0.9734743(7) 0.59718(1) 0.6134 0.1922 0.019 nsO, ap
OGLE-SMC-CEP-0447 1.2651448(8) 0.77624(1) 0.6136 0.1300 0.024 nsO, nsx
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Figure 1. Petersen diagram for 138 analysed Cepheids. Stars in which two
periodicities were detected, corresponding to two sequences in the diagram,
are marked with squares (two squares per star). Stars with weak detection
of the additional periodicity are marked with open triangles. Filled symbols
correspond to stars in which power excess centred at subharmonic frequency,
vy /2, was detected (half-filled symbols are used to indicate weak detections).

the variability and different structure of the data (different length of
the available data). There are 80 stars marked with ‘nsx’ which is
58 per cent of the analysed sample. The complex structures at v,
are common.

First overtone is often non-stationary as well, which appears as
strong unresolved power at its frequency, after the pre-whitening.
These stars are marked with ‘nsO’ in Table 1. There are 56 such
stars which constitutes nearly 41 per cent of the analysed sample. In
some cases, the unresolved power at v,o dominates the frequency
spectrum and significantly increases the noise level in the FT, which
may hide the additional significant peaks. In all such cases, we
conducted time-dependent pre-whitening to get rid of the unwanted
signal. If time-dependent pre-whitening was crucial for the detection
of additional variability of interest, or significantly improved the S/N
of the interesting peak at v,, then ‘tdp’ is included in the remarks
column of Table I. In these cases, the frequency and amplitude
of the additional variability are determined independently of the
determination of amplitude and frequency of the first overtone, from
the data set with first overtone filtered out. An inherent part of the
time-dependent pre-whitening is time-dependent Fourier analysis,
which shows how the amplitude and phase of the first overtone
change in time. In the majority of cases, we observed a pronounced
phase change, while amplitude changes were insignificant. No firm
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Figure 2. Illustration of complex structures detected at v4. In the two upper
panels, two well-separated peaks of similar height are present, while in the
two lower panels, clusters of peaks are present. The extent of the horizontal
bar corresponds to the separation expected for 1-yr alias. Filled diamonds
mark the location of peaks included in Table |. In the two upper panels,
open diamonds indicate the location of peaks adopted by Soszyrski et al.
(20010) (see Appendix, Section B).

case of Blazhko-like modulation was found, although in some cases
variation of first overtone phase seemed periodic.

Fast period changes, on time-scale shorter than expected from
evolutionary calculations are common in 10 Cepheids. Exem-
plary O-C diagrams may be found e.g. in studies by Berdnikov &
Pastukhova (1994) or Berdnikov et al. (1997). A detailed study of
OGLE and MACHO data for LMC Cepheids was conducted by
Poleski (2008) who detected period changes in 41 per cent of 10
LMC Cepheids and in 18 per cent of fundamental mode pulsators.

MNRAS 458, 3561-3577 (2016)
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The analysis of period changes of the first overtone is beyond the
scope of the present analysis; however, dedicated study is planned.
In 25 stars, we find peaks at combination frequency, vio + vy,
and in one star we find peak at v, — vjo (OGLE-SMC-CEP-0797).
These stars are marked with ‘ct’ in the last column of Table .

Stars in which signal at a daily alias of v, is higher are marked
with ‘al’. As described in the previous section, we select the lower
alias as a true signal if it falls well within one of the three sequences
in the Petersen diagram.

In 17 stars marked with ‘ap’ in Table |, we detect additional sig-
nificant periodicity that does not fall into the P/P,o € (0.60,0.65)
range and cannot be interpreted as due to other radial mode. In a few
stars, the additional peaks appear relatively close to the radial first
overtone frequency. We note that similar detections were reported
by Moskalik & Kotaczkowski (2009), who argue that these signals
may be intrinsic to the stars and correspond to non-radial pulsation.
In no case we detect combination frequency with the first overtone,
however. In principle, these periodicities may result from blending.
We postpone the discussion of these additional signals till the anal-
ysis of full sample of SMC Cepheids, which will allow us to draw
some statistically meaningful conclusions concerning their nature.

In stars plotted with triangle in Fig. 1, the detection of additional
variability is weak. These stars are marked with *?" and S/N value
is given in the last column of Table |. In some cases, the additional
signal appeared only after the time-dependent pre-whitening. There
are eight such cases and we discuss them in more detail in the
Appendix, in Section B, which also contains detailed comparison
of our results with those reported in Soszynski et al. (2010). The
period ratios for these stars fall well within the three sequences in
the Petersen diagram. Despite the weak detection, we consider these
stars as double-periodic in the following.

In six stars, two well separated and significant peaks were de-
tected in the frequency range of interest — the corresponding period
ratios fall within two separate sequences in Fig. |. In the figure,
these stars are marked with squares, two for each of six stars. Their
frequency spectra are plotted in Fig. 3. Typically, signal correspond-
ing to one of the sequences is dominant, while the detection of peak
corresponding to the other sequence is rather weak (but always
with S/N > 4.0). In Table |, two rows are present for these stars,
with characteristics of the highest peaks falling within one of the
sequences. All other stars, in which we detect a significant peak
corresponding to only one sequence, are marked with circles in
Fig. 1.

Finally, in many stars we detect significant power centred at
1/2v,, i.e. at subharmonic frequency. These stars are marked with
‘sh’ in the remarks column of Table I, printed in italics if the
detection is weak. In the Petersen diagram in Fig. |, stars with firm
detection of the power excess at subharmonic frequency are marked
with filled symbols. In the case of weak detection, half-filled symbol
is plotted. These signals will be discussed in detail in Section 3.4.

3.2 The Petersen diagram and amplitude distributions

Three well separated and slanted sequences are present in the Pe-
tersen diagram (Fig. 1). 64 stars fall within the bottom sequence,
54 stars fall within the middle sequence and 26 stars fall within the
top sequence. The numbers do not add up to 138, as six stars fall
within two sequences simultaneously. Within each sequence, period
ratio drops with the increasing pulsation period. Stars forming the
bottom sequence have, on average, shorter pulsation periods, while
stars forming the top sequence have, on average, longer pulsation
periods.

MNRAS 458, 3561-3577 (2016)
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Figure 3. Frequency spectra for six stars in which two significant peaks,
corresponding to two sequences in the Petersen diagram. were detected.
These peaks are marked with filled diamonds placed at the S/N = 4.0
level. The extent of the horizontal bar, plotted in each panel, corresponds to
separation expected for 1-yr aliases. Period-ratio scale, P/P;p, is plotted at
the top of each panel, with numerical labels plotted in the top-most panel.

The number of stars in the top sequence is significantly smaller
than in the middle and bottom sequences. On the other hand, long-
period first overtone Cepheids are not as numerous as short-period
overtone pulsators. In Fig. 4, we study the period distribution for
all 1644 first overtone SMC Cepheids from OGLE-III collection
(solid black line) and for stars with additional variability (hatched
area; three different patterns show the contributions from the three
sequences). Stars were counted in 0.5 d-wide bins, except Pjp <
1 d, where we used smaller, 0.25 d-wide bins. This is because of
sharp increase of Cepheid number as one moves from 0.25-0.5 d
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Figure 4. Period distribution for all 10 SMC OGLE-III Cepheids (solid
black line) and for stars with the additional variability (hatched area). Con-
tributions from the three sequences in the Petersen diagram are marked with
different patterns, as indicated in the key. Incidence rates are also provided.

bin through 0.5-0.75 d bin to 0.75-1.0 d bin. Within each bin
the incidence rate of stars with additional variability is given with
statistical errors calculated assuming that the population follows a
Poisson distribution (e.g. Alcock et al. 2003).

It is well visible that the discussed form of pulsation is not present
in the shortest period 10 Cepheids with P, < 0.75d, despite of
151 stars falling into this period range. For 0.75d < Pio < 1.0d,
there are 342 10 Cepheids and only in five of them the additional
variability was found. Incidence rate is very low (1.5 & 0.7 per cent)
as compared to the next longer-period bin (10.8 &+ 1.4 per cent).
This is most likely due to selection effect. Shortest period over-
tone Cepheids are least luminous (because of the P-L relation,
see Fig. 7), consequently one may expect higher noise level in the
FT, which may hinder the detection of low-amplitude variability.
This is discussed in more detail in Section 3.5. For P\o > 1d, the
discussed form of pulsation is quite frequent. For 1d < Pjpo <
2d, the incidence rate is ~210.5 per cent, for 2d < P;p < 3d, it is
a215.5 per cent, and for 3d < P)g < 44, it is ~8 per cent. Taking
into account the statistical errors, these numbers are not that dif-
ferent. We conclude that the top sequence is the least numerous of
the three, mostly because there are fewer long-period 10 Cepheids
than short-period ones and also because the incidence rate may be
slightly lower for longer periods.

The additional variability is always weak as compared to radial
first overtone. Table | provides the amplitude of the first overtone,
Ao, and amplitude ratio, A, /Ao. The top panel of Fig. 5 shows
the amplitude of the first overtone as a function of the first overtone
period. The amplitude drops with increasing pulsation period. The
highest (Fourier) amplitude is slightly below 0.2 mag, the lowest is
around 0.06 mag. The most typical values fall in the 0.10-0.16 mag
range. In the middle panel of Fig. 5, we plot the amplitude of the
first overtone as a function of period ratio, P, /P|o. The trace of the
three sequences present in the Petersen diagram is well visible. It
is clear that amplitudes are the highest in stars forming the bottom
sequence (as these stars have shorter first overtone periods, on aver-
age) and the lowest in the stars forming the top sequence (stars with
longer first overtone periods). The bottom panel of Fig. 5 shows the
amplitude ratio, A, /Ao, as a function of period ratio. There is no
significant difference between the stars corresponding to the three
sequences. In stars that are plotted with filled symbols in Fig. 5,
a power excess at subharmonic, 1/2v,, is detected. This will be
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Figure 5. First overtone amplitude as a function of Pig (top panel) and
P, /P10 (middle panel). In the bottom panel, we show A, /Ao as a function
of P, /P\o. Stars in which power excess at subharmonic, 1/2v,, was detected
are plotted with filled symbols.
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Figure 6. Histogram of A, /Ao values.

discussed in more detail in Section 3.4. Here we just note that for
stars of the middle and top sequences (only there power excess at
subharmonic was detected) there is no difference in first overtone
amplitude between stars with, and stars without power excess at
subharmonic. The histogram of amplitude ratios, A, /Ao, for all
the stars is presented in Fig. 6. The distribution peaks at A, /Ao
a2 1.75-2.25 per cent. Typical amplitudes of the additional vari-
ability are in the 2-5 mmag range (see also Fig. 12). It explains
why the additional variability was discovered only recently — high-
quality observations are necessary to detect such low-amplitude

MNRAS 458, 3561-3577 (2016)
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Figure 7. Period-luminosity (top panel) and colour-magnitude (bottom
panel) diagrams for all 10 Cepheids from the SMC OGLE-III collection
(small dots) and for Cepheids with additional variability analysed in this
paper (larger symbols; red circles correspond to the bottom sequence in the
Petersen diagram, green diamonds to the middle sequence and blue squares
to the top sequence). In addition, double-mode, F+10 Cepheids are plotted
with small squares.

variability. So far, the signal was detected mostly in the excellent
OGLE data. Additional variability was also detected in two 10
Cepheids observed with K2 (Plachy et al., in preparation).

3.3 Comparison with other first overtone Cepheids
without additional variability

In this section, we check whether Cepheids with additional variabil-
ity differ significantly from other first overtone SMC Cepheids, that
are single-periodic. In Fig. 7, we plot the location of analysed stars
in the period-luminosity (top panel) and in the colour-magnitude
(bottom panel) diagrams. For the former diagram, we use reddening
free Wesenheit index as the luminosity indicator. In the plots, all
10 Cepheids are plotted with small black dots, while stars with ad-
ditional variability are plotted with larger symbols: point shape and
point colour code the star’s location in the Petersen diagram (red cir-
cles — bottom sequence, green diamonds — middle sequence and blue
squares — top sequence). Stars in which variability corresponding
to two sequences was detected, are plotted only once, as members
of the sequence for which corresponding amplitude is higher. For
this plot, periods and intensity mean /- and V-band magnitudes
were taken directly from the OGLE-III ftp archive (Soszyski et al.
2010).

Except the lack of additional variability in the shortest period stars
(P10 < 0.8 d), which we already noted in the previous section, we see
nosignificant differences in the distribution of stars with and without
the additional variability in the two diagrams presented in Fig. 7.
They cover similar colour and Wesenheit index ranges. Separation
of stars, members of the three sequences in the Petersen diagram,
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Figure8. Fourier decomposition parameters versus the first overtone period
for all 10 Cepheids from the SMC OGLE-III collection (small dots) and for
Cepheids with additional variability analysed in this paper (larger symbols,
as in Fig. 7).

is clear and pronounced. As period-luminosity diagram indicates,
it results from different first overtone periods characteristic for the
three groups. Members of the bottom sequence have shorter periods
and consequently are least luminous, while members of the top
sequence have longer periods and are thus most luminous. For
stars of each sequence the covered colour range is similar as for
single-periodic stars of similar luminosity. In Fig. 7, we also plotted
double-mode F410 Cepheids (small squares). These stars cover
similar luminosity range as stars of the bottom sequence, but are
shifted, on average, towards higher colour values.

In Fig. 8, we compare the light-curve shapes with the help of the
Fourier decomposition parameters (Simon & Lee 1981). Symbols
used in the panels are exactly the same as in Fig. 7. In the consecutive



panels, from top to bottom, we plot: peak-to-peak amplitude, Ry,
R3;., @) and @, all as a function of first overtone period. A lack of
short period Cepheids with additional variability is again apparent.
Also, additional variability is not detected in stars with low first
overtone amplitude, A < 0.2 mag (and consequently in stars with
lower Ry and Rj;), which is a selection effect. First, these stars
are not as numerous as higher amplitude Cepheids. Secondly, with
typical amplitude of the additional variability corresponding to ~2—
4 per cent of the first overtone amplitude, possible signals are also
of lower amplitude and likely hidden in the noise. Otherwise, it
seems that Cepheids with additional variability follow the same
progressions as Cepheids without additional variability. The only
exception seems the behaviour of ¢, in the narrow period range
of 1.4-1.6 d. In this period bin, 10 Cepheids cover the 4 < ¢,
< 5 range, but stars with additional variability and of the bottom
sequence (red circles) prefer the low values, ¢, < 4.3.

We conclude that there is no significant difference between
10 Cepheids with and without the additional variability, with
regards to their location on the period-luminosity and colour-
magnitude diagrams, and light-curve shapes (with the possible ex-
ception of ¢, in relatively narrow period range).

3.4 Subharmonics

In many stars, we detect significant signal centred at 1/2v,, ie.
at subharmonic of v,. Typically, the signal detected at 1/2v, has a
complex form — broad cluster of peaks, centred at 1/2v, is detected.
Stars in which such power excess was detected are marked with ‘sh’
in Table 1. The weak detection is marked with ‘sh’. What we regard
as ‘weak’ is somewhat subjective. In general, if 3.5 < S/N < 4.0 for
the highest peak at around 1/2v,, or the power excess was evident
only after the time-dependent pre-whitening, the star is marked as
a weak detection. In all cases however, the power excess was clear.
Altogether, it was detected in 48 stars, of which 14 are marked as
weak detections. This constitutes 35 per cent of the analysed sample
or, if weak detections are excluded, 25 per cent. Detailed charac-
terization of frequency spectra of stars with power excess detected
at subharmonic frequency is collected in Table 2. Power excess is
characterized by the frequency and amplitude of the highest peak
detected at around 1/2v,, vy, and Ag,, respectively. Table contains:
star’s id, period ratio, P, /P,q, frequency of the additional variabil-
ity, vy, frequency of the highest peak detected around 1/2vy, vy,
frequency ratio, vg, /vy, amplitude of the additional variability, A,
and amplitude ratio, A, /A, approximate S/N for the peak at v,
and remarks: ‘weak’ — weak detection, ‘broad’ — broad power ex-
cess; ‘tdp’ — time-dependent pre-whitening of all signals except vy,
conducted.

No firm detection of power excess at other subharmonic frequen-
cies, i.e. at3/2v,, 5/2v;, etc., is reported. There are a few ambiguous
cases, in which power excess is present at 3/2v,, but sometimes it
is an alias of power excess at 1 /2v, or of unresolved residual power
at first overtone frequency. Time-dependent pre-whitening will not
help here; by removing e.g. the non-stationary variation at v, we
also remove the power at its daily aliases.

Before we discuss the properties of the signals detected at subhar-
monic frequencies, in Figs 9, 10 and 11, we show some examples
of structures detected in the frequency spectra of the stars at v, and
at 1/2v,. In Fig. Y, we show the cases in which signal at 1/2v, is
firmly detected and is relatively narrow. In Fig. 10, we show some
of the cases in which the signal at 1/2v, is broad. Finally, in Fig. 11,
we show some cases in which detection of the power excess is weak.
Structure of these three figures is the same. For each star, two panels
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are plotted. In the top panel, the frequency spectrum centred at vy is
plotted, while in the bottom panel the frequency spectrum centred
at 1/2v, is plotted. The plotted frequency range is the same in the
two panels; it is wider in Figs 10 and 11 for better visualization of
the signal at 1/2v,.

Based on the content of Table 2 and on Figs 9, 10 and 1 1, we now
discuss the properties of the signal detected at 1/2v,. We first note
that the detected power excess is indeed well centred at 1/2v,. The
mean value of vg, /v, for all the stars is 0.5003 £ 0.0010; values of
Vsh/Vy < 0.5 are as common as vg, /vy > 0.5. The values of |vg /vy —
0.5| (see Table 2) never exceed 0.02. The largest deviations are
present for stars in which broad power excess at subharmonic is
observed, like in those plotted in Fig. 10 (OGLE-SMC-CEP-1856,
-4255). Still, there is no doubt that the power excess is centred at
1/2v, (only the highest peak within the power excess is located a
bit off).

Stars that do show power excess at 1/2v, are not uniformly
distributed in the Petersen diagram. In Fig. 1, stars which show firm
power excess at 1/2v, are plotted with filled symbols, while for
stars in which the detection of power excess is weak are marked
with half-filled symbols. Majority of the 48 stars with power excess
at 1/2v, fall within the middle sequence (40 stars, including 8 weak
cases), a few stars fall within the top sequence (8 stars including
6 weak cases) and none falls within the bottom sequence. Thus,
74 per cent of stars from the middle sequence and 31 per cent of
the stars from the top sequence show the power excess at 1/2v,. If
we exclude the weak detections, the numbers are 59 and 8 per cent,
respectively. We conclude that the occurrence of power excess at
1/2v, is strongly correlated with the location of star on the Petersen
diagram. The power excess is detected in the majority of stars from
the middle sequence, in significantly smaller fraction of stars from
the top sequence and in no star from the bottom sequence.

The amplitude of the signal at v, is always in the mmag range
and is comparable to the amplitude of the signal at v,. This is in-
vestigated in more detail in Fig. 12, in which in the top panel, we
plot the histogram of amplitude ratio, As /A, and in the bottom
panel, we plot Ay, versus A, . The distribution of amplitude ratios is
wide, without a pronounced peak. It is truncated at Ay, /A = 0.5,
which is not surprising. As the signals at v, are weak, detected with
typical S/N = 4-6, we cannot detect the signals with amplitudes
significantly lower, below ~0.5A, — these are hidden in the noise.
We note eight cases in which peak at vy, is higher than the peak
detected at v,. We may safely conclude that amplitudes, A, and Ay,
are comparable. This is further illustrated in the bottom panel of
Fig. 12, in which Ay, is plotted versus A,. Green diamonds corre-
spond to stars located within the middle sequence in the Petersen
diagram, while blue squares correspond to stars located within the
top sequence. The amplitudes are (weakly) correlated; the higher
the A,, the higher the A,. Amplitudes in stars from the top sequence
are in general smaller (see also Section 3.5).

3.5 Possible impact of observational selection effects
on incidence rates

The period distribution of stars with additional variability, and the
incidence rate of power excess at subharmonic frequency within
each sequence, may be affected by observational selection effects.
The most important selection effect is related to star’s luminosity.
On the short-period end, the Cepheids are least luminous (Fig. 7).
Therefore, we expect larger noise level in the FT. As a consequence,
low-amplitude variability may be hidden in the noise, which could
explain the lack of additional variability at v, in the shortest period
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Table 2. Stars with significant power excess centred at subharmonic frequency, 1/2v,. Consecutive columns contain: star’s id, period ratio, Py /P\0.
frequency of the additional variability, vy, frequency of the highest peak detected around 1/2v,, vs,, frequency ratio, vy, /vy, amplitude of the additional
variability, A, and amplitude ratio, Ay, /Ay, approximate S/N for the peak at vy, and remarks: ‘weak’ — weak detection, ‘broad” — broad power excess;
‘tdp’ — time-dependent pre-whitening of all signals except vy, conducted.

Star Py /Pio vy (1/d) vgh (1/d) Ve /Vx Ay (mag) Agh/Ax SIN Remarks
OGLE-SMC-CEP-0212 0.6247 0.919 40(4) 0.460 17(4) 0.5005 0.0035 0.95 4.0
OGLE-SMC-CEP-0251 0.6249 0.890 65(1) 0.447 22(1) 0.5021 0.0039 1.02 6.5
OGLE-SMC-CEP-0628 0.6231 0.871 58(2) 0.429 11(2) 0.4923 0.0032 1.13 6.1
OGLE-SMC-CEP-0708 0.6291 1.234 06(2) 0.609 76(3) 0.4941 0.0034 0.68 38 tdp, weak
OGLE-SMC-CEP-0866 0.6223 0.921 66(2) 0.458 84(2) 0.4978 0.0027 0.81 4.1 tdp, weak
OGLE-SMC-CEP-1119 0.6260 0.962 30(2) 0.484 10(2) 0.5031 0.0042 1.11 6.2
OGLE-SMC-CEP-1127 0.6270 0.973 48(3) 0.483 76(3) 0.4969 0.0033 0.90 4.2
OGLE-SMC-CEP-1366 0.6224 0.754 93(3) 0.389 02(4) 0.5153 0.0034 0.68 4.1 tdp, broad
OGLE-SMC-CEP-1516 0.6248 0.819 94(4) 0.416 72(4) 0.5082 0.0021 0.93 37 weak
OGLE-SMC-CEP-1710 0.6217 0.760 26(1) 0.374 68(2) 0.4928 0.0031 0.56 4.7 tdp
OGLE-SMC-CEP-1771 0.6391 0.575 12(2) 0.286 87(3) 0.4988 0.0022 0.59 4.1 tdp, weak
OGLE-SMC-CEP-1773 0.6249 0.781 02(2) 0.388 92(2) 0.4980 0.0026 0.82 4.2 tdp, broad
OGLE-SMC-CEP-1856 0.6223 0.846 51(1) 0.433 73(2) 0.5124 0.0046 0.45 4.1 tdp, broad
OGLE-SMC-CEP-1870 0.6333 0.400 92(1) 0.197 50(2) 0.4926 0.0026 052 4.5 tdp
OGLE-SMC-CEP-1975 0.6235 0.840 83(3) 0.423 08(3) 0.5032 0.0028 0.89 44
OGLE-SMC-CEP-2178 0.6199 0.651 49(2) 0.325 76(3) 0.5000 0.0029 0.84 49
OGLE-SMC-CEP-2227 0.6207 0.776 45(2) 0.390 90(2) 0.5034 0.0024 0.73 4.3
OGLE-SMC-CEP-2253 0.6356 0.454 60(2) 0.229 36(2) 0.5045 0.0023 0.77 39 weak
OGLE-SMC-CEP-2285 0.6240 0.793 24(2) 0.407 05(2) 0.5131 0.0033 0.69 4.3 tdp, broad
OGLE-SMC-CEP-2433 0.6409 0.652 98(2) 0.326 04(2) 0.4993 0.0032 0.74 40 = weak
OGLE-SMC-CEP-2567 0.6207 0.712 86(3) 0.354 88(3) 0.4978 0.0041 0.76 4.4
OGLE-SMC-CEP-2594 0.6222 0.77203(2) 0.386 37(3) 0.5005 0.0043 0.90 57
OGLE-SMC-CEP-2627 0.6212 0.77597(2) 0.392 51(2) 0.5058 0.0038 0.62 4.1 tdp. broad, weak
OGLE-SMC-CEP-2628 0.6228 0.919 35(2) 0.459 04(3) 0.4993 0.0028 0.78 39 weak
OGLE-SMC-CEP-2681 0.6228 0.773 27(D) 0.376 18(2) 0.4865 0.0047 0.57 4.1 broad
OGLE-SMC-CEP-2805 0.6179 0.705 17(2) 0.340 70(3) 0.4831 0.0036 0.83 5.1
OGLE-SMC-CEP-2813 0.6204 0.710 32(1) 0.357 81(2) 0.5037 0.0030 0.98 54
OGLE-SMC-CEP-3040 0.6393 0.627 20(2) 0.316 10(2) 0.5040 0.0025 0.67 4.0 weak
OGLE-SMC-CEP-3172 0.6242 0.963 61(2) 0.474 73(2) 0.4927 0.0031 0.74 4.2 broad
OGLE-SMC-CEP-3239 0.6219 0.894 78(3) 0.456 43(4) 0.5101 0.0046 0.55 3.6 weak
OGLE-SMC-CEP-3292 0.6189 0.645 90(2) 0.329 66(3) 0.5104 0.0026 057 39 tdp. weak, broad
OGLE-SMC-CEP-3298 0.6389 0.583 97(2) 0.290 91(2) 0.4982 0.0023 0.88 53
OGLE-SMC-CEP-3312 0.6234 0.757 52(2) 0.368 21(2) 0.4861 0.0029 0.79 43 broad
OGLE-SMC-CEP-3317 0.6244 0.800 69(3) 0.397 38(1) 0.4963 0.0029 1.08 51
OGLE-SMC-CEP-3343 0.6250 0.873 48(1) 0.438 12(2) 0.5016 0.0047 0.76 6.3
OGLE-SMC-CEP-3349 0.6261 0.830 96(2) 0.422 82(3) 0.5088 0.0031 0.81 4.3 broad
OGLE-SMC-CEP-3590 0.6241 0.798 12(1) 0.405 93(2) 0.5086 0.0027 0.62 a9 tdp, weak, broad
OGLE-SMC-CEP-3944 0.6232 0.742 17(2) 0.366 15(2) 0.4933 0.0028 1.09 6.0 broad
OGLE-SMC-CEP-3987 0.6350 0.467 44(2) 0.238 51(3) 0.5102 0.0039 0.57 43 tdp, weak
OGLE-SMC-CEP-4011 0.6256 0.88095(2) 0.435 34(3) 0.4942 0.0035 0.98 54
OGLE-SMC-CEP-4046 0.6217 0.715 27(2) 0.359 77(3) 0.5030 0.0044 0.75 52
OGLE-SMC-CEP-4068 0.6205 0.801 52(2) 0.402 38(2) 0.5020 0.0034 1.03 6.2 broad
OGLE-SMC-CEP-4205 0.6236 0.824 50(2) 0.412 26(3) 0.5000 0.0059 0.64 55
OGLE-SMC-CEP-4255 0.6246 0.765 57(3) 0.371 50(4) 0.4853 0.0039 0.76 43 broad
OGLE-SMC-CEP-4262 0.6226 0.767 36(3) 0.384 11(4) 0.5006 0.0041 0.85 4.2
OGLE-SMC-CEP-4388 0.6226 0.789 52(3) 0.395 29(3) 0.5007 0.0045 1.11 5.7
OGLE-SMC-CEP-4395 0.6373 0.546 82(3) 0.274 16(4) 0.5014 0.0033 0.75 4.1 weak
OGLE-SMC-CEP-4462 0.6201 0.754 81(3) 0.376 36(3) 0.4986 0.0030 1.09 5.2

first overtone stars or lack of subharmonics in stars of the bottom
sequence in the Petersen diagram. On long-period end, the stars are
more luminous and the noise level should be lower.

technique also removes trends possibly present in the data. Possible
signals at v, and at 1/2v, remain in the data but, as these signals
are of low amplitude and present in less than 10 per cent of all

To quantify the impact of noise on the detection of low-amplitude
variability, we first estimate the noise level in the FT as a function
of pulsation period. To this aim, we analysed the data for all SMC
OGLE-III 10 Cepheids in the following, homogeneous way. Us-
ing the time-dependent pre-whitening on a season-to-season basis
we removed from the data (possibly non-stationary) variability as-
sociated with the first overtone (sixth-order Fourier series). This
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10 Cepheids, they should not alter our estimate significantly. Then,
in the frequency spectrum of residual data for each star, we com-
puted the average noise level in the frequency range (0,3v,p).
The resulting data, noise versus first overtone period, were fitted
with spline function. This function, multiplied by 4, is plotted with
dashed line in Fig. 13 and represents the estimate of the detection
threshold as a function of the first overtone period.
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Figure 9. Frequency spectra for selected stars with additional variability present at v, and simultaneously with significant power excess centred at 1/2v,. In
the top panel, a section of frequency spectrum centred at vy is plotted. In the bottom panel, a section of frequency spectrum centred at vy /2 is plotted. The
frequency range is the same in two panels. The extent of the horizontal bar plotted in each panel (at S/N = 4.0) corresponds to separation expected for 1-yr
aliases.
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Figure 10. The same as Fig. 9, but for stars with broad power excess at subharmonic frequency.
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Figure 11. The same as Fig. 9, but for stars with weak detection of power excess at subharmonic frequency.

In the top panel of Fig. |3, we consider the influence of selection present for Py < 0.75d and is very scarce in the 0.75d < P|p <
effects on the detection of additional variability at v,. Different 1 d range in which 10 Cepheids are very numerous. The question
symbols represent the data for the three sequences. As noted in we can answer is, whether the sharp decrease of the incidence
Section 3.2 (see also Fig. 4), the discussed form of pulsation is not rate at shorter periods can be explained by observational selection,
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Figure 13. The influence of the observational selection effects on the period
distribution of stars with the additional variability at v, (top panel) and on
the incidence rate of power excess at 1/2v for stars of the three sequences
in the Petersen diagram (bottom panel).
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assuming that the amplitude distribution of signals at v, is similar
as is observed for longer periods.

For the shortest periods, Pyg < 0.75d, it is clear from Fig. 13 that
the noise level is very high. It strongly depends on pulsation period,
but already at P,o = 0.75d detection of signals with amplitudes
below 4.5 mmag might be difficult and situation worsens fast as
period is decreased further. Thus, the lack of additional variability
for the P,p < 0.75 d range may be entirely due to selection effects.

Inthe 0.75d < P p < 1d range, the situation is more difficult. We
note that for longer periods we can detect signals with amplitudes
above ~2 mmag. Thus, the very low number of stars with additional
variability located within box A in Fig. 13, which is due to high
noise level, may be responsible for the small incidence rate in the
discussed period range as compared to longer periods. How many
detections may we miss in this box? As an estimate, we can count
the stars within the same area, but at longer periods, for example,
within boxes marked B or C in Fig. | 3. There are 21 stars within box
B and 15 stars within box C. These numbers are scaled by N, /Ng or
Na/Nc factor, where Ny is the total number of 10 Cepheids within
period range corresponding to a given box. Using these numbers
to estimate the incidence rate within the 0.75d < Pjo < 1d range
we get 11.1 & 1.7 per cent or 14.6 £ 1.9 per cent, using data
from box B or C, respectively. We conclude that sharp decrease
of the incidence rate at Piop < 1d may be entirely explained by
observational selection.

For the period range characteristic for the middle and top se-
quences in the Petersen diagram, the noise level is roughly the
same, it slowly decreases with increasing period. Thus, a small de-
crease of the incidence rate of the discussed form of pulsation, with
pulsation period, noted in Section 3.2, is likely real and not a result
of observational selection.

In the bottom panel of Fig. 13, we consider the influence of ob-
servational selection on the incidence rate of power excess at 1/2v,
within the three sequences. Symbols correspond to observational
data. We first note that amplitudes of signals in stars of the top
sequence are, on average, lower than amplitudes of signals in stars
of the middle sequence. Also, the incidence rate of power excess
at subharmonic is significantly lower for the top sequence. This is
obviously not due to different noise levels; signals of the amplitude
characteristic for the middle sequence should be easily detected at
longer periods. The possible explanation is that amplitudes of the
signals at 1 /2v, in stars of the top sequence are lower than in stars of
the middle sequence. Situation is similar for the stars of the bottom
sequence. Although the noise level increases with the decreasing
period, the increase is pronounced only for Pig < 1d. Amplitudes
as high as in the middle sequence should be detected, but they are
not. Thus, the amplitudes of signals at 1/2v, in stars of the bottom
sequence must be lower than in stars of the middle sequence. In
fact, to remain undetectable, they cannot be higher than in the top
sequence. The sequence-dependent amplitude of power excess at
1/2v, is in line with the theory proposed recently by Dziembowski
(2016) to explain the discussed form of pulsation. In this theory,
the signals at 1/2v, should be observed for all sequences and cor-
respond to non-radial modes of different ¢, for which the observed
amplitudes differ due to geometric cancellation. We discuss it in
more detail in Section 4.2.

3.6 Time-variability
Complex, non-coherent, and often broad structures, detected both

at v, and in some stars at 1/2v, (Figs 9, 10 and 11), indicate strong
time variation of the amplitude and/or phase of the variability these
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structures represent. Because of the low amplitudes of these signals,
typically between 2 and 5 mmags, and relatively high noise level
in the ground-based observations, it is difficult to analyse this vari-
ability in more detail, with high time resolution. Still, some analysis
is possible for stars in which the signals are detected at relatively
high S/N. For these stars, we divided the data into four groups, each
consisting of two (or in some cases three) observing seasons. Then
for each group, we calculated the discrete FT and investigated the
frequency spectrum at around v, and 1/2v,. Results of the analysis
are presented in Fig. 14 (for OGLE-SMC-CEP-1119) and in Fig. 15
(for OGLE-SMC-CEP-3944). Results are qualitatively similar for
a few other stars for which such analysis was possible.

In Fig. 14, we observe that from season to season the amplitude
and location of the peaks present at v, and at 1/2v, strongly vary. In
particular, the signal at v, is significant in 2001-2005 seasons, while
it is not significant later on. The signal at 1/2v, was insignificant
in the first observing seasons, while it was clearly present starting
from 2003 and later on.

For OGLE-SMC-CEP-3944, analysed in Fig. | 5, we observe that
signal at v, is always present, but its amplitude and/or phase clearly
vary. The signal at 1/2v, is weakly marked in between 2000 and
2006. Structure of the observed broad power excess vary in time.
As a result, broad and essentially flat power excess is present in the
analysis of all data.

4 DISCUSSION

4.1 Comparison with RR Lyr stars

A very similar form of variability is detected in RRc stars, as al-
ready mentioned in the Introduction. The obvious similarity is the
characteristic period ratio, which falls into similar range, P/P|o €
(0.60,0.65), and the occurrence of the additional variability in first
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Figure 15. Same as Fig. 14, but for OGLE-SMC-CEP-3944.

overtone stars (or in double-mode stars, with fundamental and first
overtone modes simultaneously excited). The present study allow a
more detailed comparison.

(i) Incidence rate of the phenomenon: the phenomenon is com-
mon among RRc stars; space observations leave no doubt; 14 out of
15 RRc/RRd stars observed from space show the phenomenon (see
Moskalik et al. 2015). Incidence rates in the top-quality ground-
based observations are also high, 27 per cent in the Galactic bulge
sample of RRc stars studied by Netzel et al. (2015b) and 38 per
cent in the M3 sample observed by Jurcsik et al. (2015). Unfortu-
nately, for Cepheids, we lack systematic analysis of large sample
of stars. The 138 stars considered here constitute 8.4 per cent of
the OGLE-III sample of 10 SMC Cepheids. The incidence rate de-
pends on the pulsation period; in particular the phenomenon does
not occur in the shortest period (P;o < 0.8 d) Cepheids. For longer
periods, the incidence rate is 22815 per cent. Space observations of
10 Cepheids are scarce. Polaris was observed with star tracker on
board Coriolis satellite (Bruntt et al. 2008), SZ Tau was observed
with MOST (Evans et al. 2015) and two other stars were observed
with CoRoT (Poretti et al. 201 5). In these stars, additional variability
was not detected. Two stars observed with K2 show the discussed
form of pulsation (Plachy et al., in preparation).

(ii) The Petersen diagram: both for Cepheids and for RR Lyr stars,
three sequences are present —see Fig. | 6. The Cepheid sequences are
slanted and well separated. The bottom sequence is most populated,
but the middle and top sequences are well represented, too. In the
case of RR Lyr stars, the sequences are nearly horizontal, not that
well separated and majority of stars fall within the bottom sequence.
In both groups, stars that belong to more than one sequence are
found. While in the case of RR Lyr stars, there are very good
examples of stars that belong to three sequences simultaneously
(see fig. 5 in Netzel et al. 2015b), in the case of Cepheids only stars
that belong to two sequences are found, and these are rather weak
cases (Fig. 3).

(iii) Amplitudes: both in Cepheids and in RR Lyr stars, the addi-
tional periodicity is of low amplitude, in the mmag range. In both
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Figure 16. Petersen diagram with RRc stars with additional periodicity
from Netzel et al. (2015b) and 10 Cepheids from the present study. Filled
symbols correspond to stars with power excess detected at 1/2v,. Arrow
indicates the reciprocal of the golden ratio.

cases, the most typical amplitude is around 2 per cent of the first
overtone amplitude [compare fig. 7 in Netzel et al. (2015b) and
Fig. 6].

(iv) Subharmonics: both in Cepheids and in RR Lyr stars, signif-
icant power excess centred at 1/2v, is detected. Subharmonics are
detected in 20 per cent of the sample of Galactic bulge RRc stars
with additional variability analysed by Netzel et al. (2015b) and
in 35 per cent of the present Cepheid sample. Netzel et al. (2015b)
reported the power excess also at 3/2v,, other cases are known from
space observations (see e.g. Molndretal. 2015; Moskaliketal. 2015;
Kurtz et al. 2016). No firm detection of power excess at 3/2v, is
found in the present Cepheid sample. Stars with power excess at
1/2v,, both RR Lyr and Cepheids, are not uniformly distributed in
the Petersen diagram. This is illustrated in Fig. 16 in which we plot
the stars from the present sample of SMC Cepheids and from the
study of Netzel et al. (2015b) (see also Netzel, Smolec & Moskalik
2016); stars with power excess at subharmonic are marked with
filled symbols.

(v) Time variability of the additional signals: both for Cepheids
and for RR Lyr stars, the signals at v, and at 1/2v, are complex:
power excesses, or clusters of peaks (sometimes very broad) are
detected, rather than single and coherent peaks. Compare fig. 11
in Netzel et al. (2015b) and fig. 2 in Netzel et al. (2016) with
Figs 9, 10 and 1 1. Such complex structures present in the frequency
spectrum correspond to strong and irregular variability of signal's
phase and/or amplitude.

4.2 Nature of the additional variability

Based on the just presented comparison we conclude, that the
double-periodic pulsation observed both in RRc stars and in 10
Cepheids, with characteristic period ratios, P, /P,o € (0.60,0.65),
is qualitatively very similar. Consequently, nature of the additional
variability and mechanism of its excitation are most likely the
same. In both cases, it cannot be pulsation in two radial modes
(Dziembowski & Smolec 2009; Moskalik et al. 2015). A model or
theory common for the two groups should be searched for.
Dziembowski (2012) proposed an explanation for Cepheids. The
additional variability at v, was interpreted as a non-radial f mode
of high angular degree. The three Cepheid sequences were repro-
duced assuming that additional modes have £ = 42 (top sequence),
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46 (middle sequence) and 50 (bottom sequence). Due to geometric
cancellation, modes of such large angular degree are expected to
have very low observed amplitudes. Two problems arise then, how-
ever. First, the geometric cancellation is lower for even-£ modes
and, at high degrees, is roughly the same for these modes (depends
only on mode parity). Hence, if £ = 42, 46 and 50 are observed,
then £ = 44 and 48 should be observed as well (all these modes
are linearly unstable), which is not the case. Secondly, the required
intrinsic amplitudes are very high, implying large broadening of
the spectral lines. Both problems are discussed in Dziembowski
(2012). When this model was proposed, it was not known that in
these stars subharmonics are detected. RR Lyr stars were not studied
by Dziembowski (2012).

Lindner et al. (2015) focused on RR Lyr stars, in particular on
one star observed by Kepler (KIC5520878) and noticed that its
period ratio is close to the reciprocal of the golden ratio, 1/¢ =~
0.618. Lindner et al. (2015) argue that the dynamics driven by two
frequencies in the golden ratio maximally resist perturbations. As
noted by Smolec, Netzel & Soszyriski (2016) and also well visible
in Fig. 16, in which we mark 1/¢ with an arrow, the stars avoid the
golden ratio. In our opinion, the proximity of period ratio to 1/¢ in
some RR Lyr stars is a pure coincidence.

Recently, Dziembowski (2016) proposed a new explanation, in
which the signal observed at 1/2v, corresponds to non-radial, £
= 7 — 9 modes. The signal at v, is its harmonic, which gains the
significant amplitude due to non-linear, quadratic effect. According
to this model, stars in which subharmonics are detected should not
be distributed uniformly among sequences visible in the Petersen
diagram. As geometric cancellation is lower for even-£ modes, we
should observe the power excess at subharmonic, i.e. we should
detect the true non-radial mode, preferentially in sequences which
correspond to even-£ pulsation. In the case of Cepheids, it is the
middle sequence (£ = 8; v, = 2vg). The top sequence corresponds
to £ =7, while the lower sequence to £ = 9. Geometric cancellation
is slightly lower for £ = 7 than for £ = 9. In Fig. 16, we observe a
nice qualitative confirmation of this theory for Cepheids.

In the case of RR Lyr stars, the top sequence corresponds to
even ¢ (£ = 8) and subharmonic detection (non-radial ¢ = 8
mode detection) should be more common there. According to the
Dziembowski (201 6) theory, the bottom, most populated sequence
for RR Lyr stars, corresponds to odd-£ mode (£ = 9). The weakly
marked middle sequence corresponds to the combination frequency
(vg + vg) and no subharmonics should be detected there. This is
indeed what we observe —Fig. 1 6. Detailed description of the model
is in preparation (Dziembowski & Smolec, in preparation)

5 SUMMARY

We have analysed 138 10 Cepheids from the SMC in which
Soszynski et al. (2010) reported additional variability with P/P,o
€ (0.60,0.65). These stars form three sequences in the Petersen
diagram. Our most important findings are the following.

(i) The three sequences in the Petersen diagram are not equally
populated. In 64 stars, we detect periodicities corresponding to the
bottom sequence, in 54 stars, corresponding to the middle sequence,
and in 26 stars, corresponding to the top sequence. The numbers
do not add up to 138, as in the frequency spectra of six stars, we
detect two significant periodicities that correspond to two of the
three sequences.



(ii) The additional variability is always of low amplitude, typi-
cally about 2-4 per cent of the first overtone amplitude (between 2
and 5 mmag) — Figs 5 and 6.

(iii) In 35 per cent of stars (25 per cent if weak cases are ex-
cluded), we detect power excess centred at 1/2v,, i.e. at subhar-
monic. The power excess is often broad and of complex structure
(Figs 9 and 10). Amplitude of the signal detected at 1/2v, is com-
parable to amplitude of the signal detected at v, — Fig. 12.

(iv) Stars in which power excess at subharmonic is detected are
not uniformly distributed in the Petersen diagram — Figs | and 16.
Subharmonics are detected most frequently in the stars of the middle
sequence (in 74 per cent of stars; 59 per cent excluding weak cases).
Incidence rate is much lower for the top sequence (31 per cent or
8 per cent without weak cases). Subharmonics are not detected in
stars of the bottom sequence.

(v) The additional variability (both at v, and at 1/2v,) is strongly
non-stationary; its amplitude and/or phase, strongly vary in time
(Figs 14 and 15).

(vi) A similar form of pulsation, in which radial first overtone
and additional low-amplitude variability is detected with period
ratios P, /Pjo € (0.60,0.65), is also present in RR Lyr stars. A
detailed comparison we have done indicates, that the nature of this
phenomenon is most likely the same in both groups of classical
pulsators. Therefore, a common theory to explain this puzzling
form of pulsation should be searched for.

(vii) In the Petersen diagram, the distribution of stars in which
power excess at subharmonic is detected is not uniform, both for
Cepheids and for RR Lyr stars (Fig. 16). The observed distribu-
tion favors the model proposed recently by Dziembowski (2016)
(Section 4.2).

Itis very important to establish the incidence rate of the discussed
form of pulsation in Cepheids, to check whether it is as common as in
RR Lyr stars. The systematic search in the OGLE data was started. It
seems crucial however, to observe 10 Cepheids from space with K2
mission. High-precision photometry it gathers, offers the possibility
to detect periodicities of very low amplitude. Detection of power
excess at subharmonic frequencies for stars that belong to different
sequences, and study of the amplitude distribution of these signals,
is crucial to test the model proposed by Dziembowski (2016).
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APPENDIX A: STARS WITH ADDITIONAL
VARIABILITY

Table Al list all the stars analysed in the present study and contains
their basic properties.

APPENDIX B: COMPARISON
WITH SOSZYNSKI ET AL. (2010)

For each star Soszyiiski et al. (2010) (S10in the following) provided
two periods, P)p and P,, and these are the only quantities we can
compare. For the majority of stars, there is an excellent agreement
between our studies. In six stars, the small differences are a conse-
quence of the complex form in which additional variability appears
in the frequency spectrum (see Fig. 2 and Section 3.1) — two close
peaks of similar height or cluster of peaks. Small differences in the
analysis (detrending, outlier rejection) may slightly alter the relative
height of the peaks and lead to slightly different frequencies adopted
in the two studies. The difference in the resulting period ratios is
negligible however. Two examples are illustrated in the top two pan-
els of Fig. 2 in which filled diamonds mark the frequency adopted in
this study and open diamonds mark the frequency adopted in S10.
More significant differences are due to alias ambiguities and are
found for six stars, described below on a star-by-star basis. Still,
only for one star the period ratios in the two studies differ by 3 per
cent. For five other stars, the difference is less than 1 per cent.
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Table Al. Properties of first overtone Cepheids with additional variability. The consecutive columns contain: star’s id, first overtone period. Pjo,
period of the additional variability, Py, period ratio, Py /P, amplitude of the first overtone, Ao, and amplitude ratio, Ay /Ao, and remarks: ‘al’ -
daily alias of signal at vy is higher: ‘nsx’ — complex appearance of the signal at v,; ‘nsO’ — non-stationary first overtone; ‘cf” — combination frequency
of vy and v detected; ‘sh’ — power excess at sub-harmonic frequency (around 1/2v,) detected (‘sh’ — weak detection); ‘ap’ — additional periodicity
detected; ‘tdp’ — time-dependent analysis was conducted; ‘7" — weak detection (S/N given in the parenthesis).

Star Pio (d) Py (d) Py/Pio Ajo (mag) Ax/Aio Remarks
OGLE-SMC-CEP-0056 0.986 0208(7) 0.603 73(1) 0.6123 0.1689 0.024 (SN =3.TN
OGLE-SMC-CEP-0212 1.741 010(4) 1.087 66(4) 0.6247 0.0997 0.036 sh, nsx
OGLE-SMC-CEP-0251 1.796 802(1) 1.122 79(2) 0.6249 0.1399 0.029 sh, nsx
OGLE-SMC-CEP-0280 1.675 191(1) 1.043 44(2) 0.6229 0.1377 0.026 nsO, ap
OGLE-SMC-CEP-0281 1.266 2457(7) 0.774 075(9) 0.6113 0.1263 0.033 al, nsx
OGLE-SMC-CEP-0307 0.973 4743(7) 0.597 18(1) 0.6134 0.1922 0.019 nsO, ap
OGLE-SMC-CEP-0447 1.265 1448(8) 0.776 24(1) 0.6136 0.1300 0.024 nsO, nsx
OGLE-SMC-CEP-0456 0.877 6927(4) 0.540 588(7) 0.6159 0.1579 0.023 nsO, tdp, ? (S§/N = 3.93)
OGLE-SMC-CEP-0466 1.131 7607(5) 0.690 278(8) 0.6099 0.1603 0.026 al
OGLE-SMC-CEP-0491 1.064 1278(4) 0.6527 31(8) 0.6134 0.1679 0.021
OGLE-SMC-CEP-0509 1.626 176(1) 0.984 94(2) 0.6057 0.1322 0.024 ap
OGLE-SMC-CEP-0592 1.149 5482(9) 0.702 313(9) 0.6109 0.1371 0.033 al, nsO. nsx
OGLE-SMC-CEP-0628 1.841 217(1) 1.147 33(2) 0.6231 0.1385 0.022 sh, nsx, nsO
OGLE-SMC-CEP-0631 2.346 706(4) 1.467 74(6) 0.6254 0.1253 0.022 al, ap
OGLE-SMC-CEP-0680 1.483 925(1) 0.930 37(2) 0.6270 0.1296 0.023 nsO
OGLE-SMC-CEP-0696 2.359 034(2) 1.510 60(4) 0.6403 0.1065 0.024 nsO, nsx
OGLE-SMC-CEP-0708 1.288 1769(6) 0.810 34 1) 0.6291 0.1738 0.020 al, sh, nsx
OGLE-SMC-CEP-0759 1.261 5578(6) 0.770 5747 0.6108 0.1450 0.034 ns0, nsx
OGLE-SMC-CEP-0797 2.623 163(3) 1.671 74(2) 0.6373 0.0840 0.059 al, nsO, nsx, cf, ap
OGLE-SMC-CEP-0800 1.259 B153(B) 0.770 40(2) 0.6115 0.1683 0.020
OGLE-SMC-CEP-0828 1.179 8295(9) 0.714 330(9) 0.6055 0.1040 0.037 nsO
OGLE-SMC-CEP-0833 1.132 8767(6) 0.692 37(1) 0.6112 : 0.1467 0.027 nsO
OGLE-SMC-CEP-0841 1.353 5878(8) 0.822 78(1) 0.6079 0.1495 0.022 nsx
OGLE-SMC-CEP-0844 1.256 0636(5) 0.770 35(1) 0.6133 0.1488 0.023 nsx
OGLE-SMC-CEP-0866 1.743 531(1) 1.085 00(3) 0.6223 0.1205 0.022 al, nsx, sh
OGLE-SMC-CEP-1049 1.204 2213(6) 0.736 700(9) 0.6118 0.1459 0.028 nsx, nsQ
OGLE-SMC-CEP-1053 1.277 9760(9) 0.778 04(1) 0.6088 0.1460 0.027
OGLE-SMC-CEP-1059 1.270 0610(7) 0.776 23(1) 0.6112 0.1570 0.023 nsO
OGLE-SMC-CEP-1119 1.659 938(2) 1.039 18(2) 0.6260 0.1327 0.032 sh, nsQ, nsx, cf
OGLE-SMC-CEP-1127 1.638 464(2) 1.027 25(4) 0.6270 0.1315 0.023 sh, nsx, ap
OGLE-SMC-CEP-1138 1.492 0903(9) 0.913 13(2) 0.6120 0.1420 0.021 nsO, nsx
OGLE-SMC-CEP-1185 1.192 7515(9) 0.726 60(1) 0.6092 0.1644 0.026
OGLE-SMC-CEP-1248 1.166 2128(5) 0.709 43(1) 0.6083 0.1559 0.019
OGLE-SMC-CEP-1294 1.336 9590(8) 0.820 15(1) 0.6134 0.1443 0.022 ap
OGLE-SMC-CEP-1317 1.284 214(1) 0.780 28(1) 0.6076 0.1042 0.037 nsO
OGLE-SMC-CEP-1366 2.128 286(4) 1.324 63(5) 0.6224 0.0912 0.037 sh, nsO
OGLE-SMC-CEP-1482 1.339 5479(8) 0.814 39(1) 0.6080 0.1004 0.023 nsO, ap
OGLE-SMC-CEP-1496 1.334 207(1) 0.811 09(1) 0.6079 0.1444 0.032 cf, nsx
OGLE-SMC-CEP-1516 1.951 989(5) 1.219 60(6) 0.6248 0.0543 0.036 sh, ap, nsx
OGLE-SMC-CEP-1583 3.808 44(1) 2.4164(1) 0.6345 0.0929 0.033 nsx
OGLE-SMC-CEP-1710 2.115 741(1) 1.31534(2) 0.6217 0.1237 0.025 sh, nsx, nsO
OGLE-SMC-CEP-1771 2.720 656(3) 1.738 77(5) 0.6391 0.0963 0.023 nsx, sh
OGLE-SMC-CEP-1773 2.048 935(2) 1.280 38(3) 0.6249 0.1102 0.023 sh, nsO, nsx
OGLE-SMC-CEP-1783 1.087 583(1) 0.669 32(1) 0.6154 0.1418 0.032 ap, nsx
OGLE-SMC-CEP-1802 2.608 860(3) 1.622 83(5) 0.6220 0.1043 0.024 nsx
2.608 860(3) 1.667 77(7) 0.6393 0.1043 0.019
OGLE-SMC-CEP-1856 1.898 340(1) 1.18132(1) 0.6223 0.1320 0.035 cf, sh, nsx
OGLE-SMC-CEP-1870 3.938 740(6) 2.49426(8) 0.6333 0.0980 0.027 nsO, cf, sh, nsx
OGLE-SMC-CEP-1882 1.296 622(1) 0.794 54(1) 0.6128 0.1089 0.029 tdp. nsO, nsx
OGLE-SMC-CEP-1975 1.907 327(2) 1.189 31(4) 0.6235 0.1477 0.019 sh
OGLE-SMC-CEP-1976 1.264 3772(8) 0.767 72(1) 0.6072 0.1421 0.028 ns0O, nsx, tdp
OGLE-SMC-CEP-2009 1.962 690(2) 1.217 87(2) 0.6205 0.1118 0.032 nsx
OGLE-SMC-CEP-2033 1.408 7293(8) 0.858 69(1) 0.6095 0.1430 0.023 nsx, nsQ
OGLE-SMC-CEP-2047 1.243 6705(7) 0.755 72(1) 0.6076 0.1480 0.027 nsx
OGLE-SMC-CEP-2116 1.488 366(2) 0.903 31(3) 0.6069 0.1394 0.025 nsx, nsO
OGLE-SMC-CEP-2126 1.371 930(1) 0.833 87(2) 0.6078 0.1530 0.039 al
OGLE-SMC-CEP-2131 2.602 695(3) 1.604 03(5) 0.6163 0.1363 0.015 al, nsO
OGLE-SMC-CEP-2178 2476 222(4) 1.489 24(4) 0.6014 0.1114 0.031 nsx
2.476 222(4) 1.534 94(6) 0.6199 0.1114 0.025 sh
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Table Al - continued

Star Pio (d) Py (d) Py /Pro Ao Ax/Ai0 Remarks
OGLE-SMC-CEP-2227 2.075033(1) 1.28790(3) 0.6207 0.1289 0.019 al, sh, nsx
OGLE-SMC-CEP-2253 3.460 665(5) 2.199 75(9) 0.6356 0.1011 0.023 sh, nsx, cf
OGLE-SMC-CEP-2285 2.020 254(3) 1.260 65(3) 0.6240 0.0864 0.038 nsO, tdp, sh, nsx
OGLE-SMC-CEP-2299 1.201 553(2) 0.730 48(2) 0.6079 0.1535 0.047
OGLE-SMC-CEP-2374 1.078 9226(7) 0.657 98(1) 0.6099 0.1751 0.024
OGLE-SMC-CEP-2433 2.389 605(2) 1.531 45(4) 0.6409 0.1160 0.028 sh, nsx
OGLE-SMC-CEP-2440 1.830 655(2) 1.143 10(3) 0.6244 0.1452 0.026 nsx, ap
OGLE-SMC-CEP-2497 1.184 7874(5) 0.724 76(1) 0.6117 0.1488 0.018 al, nsO, nsx
OGLE-SMC-CEP-2499 1.781 123(1) 1.113 33(2) 0.6251 0.1369 0.017 cf, nsO, nsx
OGLE-SMC-CEP-2501 1.258 3171(9) 0.764 52(1) 0.6076 0.1629 0.032 cf
OGLE-SMC-CEP-2528 1.460 9104(8) 0.885 43(2) 0.6061 0.1417 0.016 tdp, nsO
OGLE-SMC-CEP-2536 2.368 486(2) 1.513 26(6) 0.6389 0.1333 0.012 nsO, tdp, ? (§/N = 3.90)
OGLE-SMC-CEP-2567 2.260 065(5) 1.402 79(5) 0.6207 0.0983 0.041 sh, nsx
OGLE-SMC-CEP-2593 1.237 1639(9) 0.751 89(2) 0.6078 0.1568 0.021
OGLE-SMC-CEP-259%4 2.081 922(4) 1.295 30(3) 0.6222 0.1238 0.034 sh, cf, nsx
OGLE-SMC-CEP-2595 1.264 9697(6) 0.767 75(1) 0.6069 0.1475 0.024 nsx
OGLE-SMC-CEP-2597 2.572 680(3) 1.641 69(5) 0.6381 0.1149 0.025 nsx
OGLE-SMC-CEP-2627 2.074 554(2) 1.288 70(3) 0.6212 0.1194 0.032 al, nsx, sh
2.074 554(2) 1.342 70(4) 0.6472 0.1194 0.023
OGLE-SMC-CEP-2628 1.746 435(1) 1.087 73(2) 0.6228 0.1309 0.022 nsO, tdp, sh, nsx
OGLE-SMC-CEP-2681 2.076 572(2) 1.293 20(2) 0.6228 0.1197 0.039 sh, nsx
2.076 572(2) 1.337 20(4) 0.6439 0.1197 0.024
OGLE-SMC-CEP-2686 1.285 6603(7) 0.785 072(7) 0.6106 0.1504 0.032 nsO, cf
OGLE-SMC-CEP-2805 2.294 958(4) 1.418 12(4) 0.6179 0.1200 0.030 sh, cf
OGLE-SMC-CEP-2813 2.269 260(2) 1.407 83(2) 0.6204 0.1164 0.025 sh, cf, nsx
OGLE-SMC-CEP-2860 1.472 5949(7) 0.900 13(1) 0.6113 0.1455 0.019 al, nsO, nsx
OGLE-SMC-CEP-2866 0.880 405(1) 0.541 328(6) 0.6149 0.1652 0.027 nsO, tdp
OGLE-SMC-CEP-2883 2.675 263(5) 1.716 00(8) 0.6414 0.0977 0.024 cf
OGLE-SMC-CEP-2910 2.505 797(4) 1.604 40(8) 0.6403 0.1208 0.021 nsx
OGLE-SMC-CEP-2941 2.951 978(3) 1.876 BO(7) 0.6358 0.1216 0.016 nsO, nsx, ap
OGLE-SMC-CEP-2958 1.293 953(1) 0.789 23(2) 0.6099 0.1404 0.018
OGLE-SMC-CEP-2987 2.432 181(5) 1.517 20(6) 0.6238 0.1146 0.027 nsO, nsx
OGLE-SMC-CEP-3033 2.710 326(5) 1.726 10(8) 0.6369 0.1090 0.024
OGLE-SMC-CEP-3040 2.493 781(3) 1.594 39(4) 0.6393 0.1198 0.021 ns0, sh, cf
2.493 781(3) 1.496 04(5) 0.5999 0.1198 0.017
OGLE-SMC-CEP-3094 2.565 406(3) 1.633 08(4) 0.6366 0.0999 0.025 nsx
OGLE-SMC-CEP-3098 1.366 169(1) 0.832 58(2) 0.6094 0.1582 0.021 al, nsx
1.366 169(1) 0.857 52(3) 0.6277 0.1582 0.018
OGLE-SMC-CEP-3143 1.062 0663(6) 0.650 56(1) 0.6125 0.1872 0.017
OGLE-SMC-CEP-3172 1.662 515(1) 1.037 77(2) 0.6242 0.1271 0.025 sh, nsx, nsO
OGLE-SMC-CEP-3210 1.196 9483(5) 0.729 788(9) 0.6097 0.1546 0.025 nsO
OGLE-SMC-CEP-3239 1.796 954(2) 1.117 60(3) 0.6219 0.1446 0.031 nsx, sh
OGLE-SMC-CEP-3249 1.262 314(2) 0.767 82(2) 0.6083 0.1154 0.027 nsO, tdp
OGLE-SMC-CEP-3292 2.501 456(2) 1.548 22(4) 0.6189 0.1283 0.020 nsO, cf, ap, sh
OGLE-SMC-CEP-3298 2.680 077(2) 1.712 42(5) 0.6389 0.1194 0.019 nsO, sh, cf, nsx
OGLE-SMC-CEP-3303 1.841 813(3) 1.147 80(4) 0.6232 0.1115 0.026 ns0O, nsx, tdp, ap
OGLE-SMC-CEP-3310 1.520 1938(9) 0.921 63(2) 0.6063 0.1035 0.017 7(S/N = 3.79), nsO
OGLE-SMC-CEP-3312 2.117 703(2) 1.320 09(3) 0.6234 0.1227 0.024 sh, nsx
OGLE-SMC-CEP-3317 2.000 277(6) 1.248 93(5) 0.6244 0.1217 0.024 sh, nsO, nsx
OGLE-SMC-CEP-3319 3.088 226(7) 1.9626(1) 0.6355 0.0972 0.025 al, nsx
OGLE-SMC-CEP-3343 1.831 819(2) 1.144 84(2) 0.6250 0.1208 0.038 sh, cf, nsx
OGLE-SMC-CEP-3349 1.922 025(3) 1.203 43(3) 0.6261 0.1031 0.029 sh, al, nsx, cf
OGLE-SMC-CEP-3479 1.164 4782(8) 0.711 81(1) 0.6113 0.1550 0.028 ap
OGLE-SMC-CEP-3493 1.704 786(1) 1.03461(2) 0.6069 0.1492 0.020 cf
OGLE-SMC-CEP-3541 1.329 9750(6) 0.809 77(1) 0.6089 0.1558 0.018 nsO, nsx
OGLE-SMC-CEP-3576 1.585 9739(8) 0.962 88(1) 0.6071 0.1473 0.018 nsx, cf
OGLE-SMC-CEP-3590 2.007 673(1) 1.252 95(2) 0.6241 0.1389 0.020 sh, cf, nsx
OGLE-SMC-CEP-3624 1.461 0331(7) 0.890 74(2) 0.6097 0.1541 0.014 7 (S/N = 3.58)
OGLE-SMC-CEP-3668 2.738 933(3) 1.747 19(4) 0.6379 0.1203 0.020 nsO, cf, nsx
OGLE-SMC-CEP-3789 1.424 0538(7) 0.869 23(1) 0.6104 0.1441 0.020
OGLE-SMC-CEP-3903 0.954 6276(6) 0.58594(1) 0.6138 0.1822 0.018 2(S/IN=3.77)
OGLE-SMC-CEP-3913 3.053 017(4) 1.93793(7) 0.6348 0.1166 0.018 al
OGLE-SMC-CEP-3944 2.162 091(2) 1.347 39(3) 0.6232 0.0989 0.028 sh, nsx, nsO
OGLE-SMC-CEP-3977 1.542 764(3) 0.967 93(3) 0.6274 0.1187 0.044 al
OGLE-SMC-CEP-3987 3.368 937(9) 2.1393(1) 0.6350 0.1025 0.038 al, sh, nsO, nsx
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Table A1 — continued

Star Pio (d) Py (d) Py/Pio Ao Ax/A10 Remarks
OGLE-SMC-CEP-4011 1.814 599(2) 1.135 16(3) 0.6256 0.1368 0.025 sh, nsx, cf
OGLE-SMC-CEP-4046 2.248 B45(4) 1.398 08(4) 0.6217 0.1210 0.036 sh. nsx, cf
OGLE-SMC-CEP-4061 2.573 926(3) 1.647 45(6) 0.6401 0.1125 0.018 nsx, nsO
OGLE-SMC-CEP-4068 2.010 614(2) 1.247 62(2) 0.6205 0.1231 0.028 sh, nsO, nsx
OGLE-SMC-CEP-4157 1.256 266(1) 0.761 87(3) 0.6065 0.1485 0.021 ?7(S8/N =3.34)
OGLE-SMC-CEP-4188 1.520 138(1) 0.924 75(2) 0.6083 0.1482 0.021 ap
OGLE-SMC-CEP-4205 1.944 865(3) 1.212 86(2) 0.6236 0.1208 0.049 sh, nsx, cf
OGLE-SMC-CEP-4232 1.721 685(2) 1.074 01(5) 0.6238 0.1536 0.015 ?(S/N =13.76)
OGLE-SMC-CEP-4250 1.466 489(1) 0.894 68(3) 0.6101 0.1502 0.021

OGLE-SMC-CEP-4255 2.091 244(5) 1.306 21(5) 0.6246 0.0988 0.038 sh, al, nsx
OGLE-SMC-CEP-4262 2.093 166(6) 1.303 18(5) 0.6226 0.0885 0.049 sh, nsx
OGLE-SMC-CEP-4303 1.167 9163(9) 0.713 44(1) 0.6109 0.1487 0.030 al, nsO, nsx
OGLE-SMC-CEP-4316 1.295 785(1) 0.787 25(1) 0.6076 0.1686 0.029

OGLE-SMC-CEP-4378 2.673 50(2) 1.7078(1) 0.6388 0.1035 0.030 nsO, tdp, al
OGLE-SMC-CEP-4388 2.034 294(5) 1.266 59(5) 0.6226 0.1024 0.044 sh
OGLE-SMC-CEP-4394 1.095 018(1) 0.671 56(1) 0.6133 0.1309 0.032 nsO
OGLE-SMC-CEP-4395 2.869 590(7) 1.8288(1) 0.6373 0.1110 0.030 sh, nsx
OGLE-SMC-CEP-4462 2.136 558(4) 1.324 B4(6) 0.6201 0.1031 0.029 sh, nsx
OGLE-SMC-CEP-4587 1.141 6708(7) 0.698 56(1) 0.6119 0.1761 0.024

OGLE-SMC-CEP-4627 3.17304(2) 1.957 69(5) 0.6170 0.0735 0.105 cf, ap

OGLE-SMC-CEP-1127 — the difference for this star is a result of
long-term trend, likely not removed by S10. Its one-day alias falls at
P/P,o = 0.6084 and was interpreted as additional variability in S10.
The trend is well visible in the residual data. After removing the
trend with third-order polynomial, the one-day alias also disappears,
but another signal at P, /Py = 0.6270 is present, which we interpret
as due to additional variability.

OGLE-SMC-CEP-2131 — the difference for this star is a result
of strong non-stationarity of the first overtone. One-day alias (at
P/P\o =~ 0.6215) of the strong, residual peak at the frequency
of first overtone was likely interpreted as additional variability
by S10. After time-dependent pre-whitening, the ambiguous sig-
nal disappears, but we detect another significant peak nearby, at
P,/Pio = 0.6163, and interpret as due to additional variability.

OGLE-SMC-CEP-3094 — after pre-whitening with v and its
harmonics (and detrending) the strongest peak is present at P, /P o
= 0.6366, as given in Table 1. Its daily alias falls very close to
V1o (resolved) and likely was pre-whitened by S10 first. Then, the
highest peak is found at P,/Po = 0.6327 as is reported in S10.
Both solutions are likely.

OGLE-SMC-CEP-3098 — after pre-whitening with v,q and its
harmonics (and detrending), the strongest peak in the P/Pip €
(0.6, 0.65) range is detected at P,/P)o =~ 0.6094 as reported in
Table 1. Its daily alias is higher however, it falls at P/P)q =~ 0.913
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and can be interpreted as other periodicity. In S10, this peak was
likely pre-whitened first. Then, the highest peak in the frequency
range of interest appears at P,/P,o =~ 0.6101 as reported in S10.
Both solutions are likely.

OGLE-SMC-CEP-3349 — after pre-whitening with vig and its
harmonics (and detrending), the highest peak in the frequency range
of interest appears at Py /P o =~ 0.6261, as reported in Table 1. Its
daily alias is higher however. There are two lower peaks around:
one of them at P, /P o ~ 0.6217 was reported in S10 (interestingly
its daily alias is also higher).

OGLE-SMC-CEP-4255 — after pre-whitening with vio and its
harmonics (and detrending), the strongest peak in the P/P\o €
(0.6, 0.65) range is detected at Py/Po =~ 0.6246 (S/N = 5.16) as
given in Table 1. Its daily alias is higher however, it falls at Py /P =
0.496 (S/N = 5.29). In S10, this peak was likely pre-whitened first.
Then, the highest peak in the frequency range of interest appears at
P, /Pyo = 0.6252 as reported in S10. Both solutions are likely.

In eight stars, the highest peak in the frequency range of interest
corresponds to Py /P falling well within one of the three sequences
visible in Fig. | (stars marked with triangles), but the S/N is below
4.0 (it is reported in the last column of Table 1: these stars also have
‘7" in remarks column). Frequency spectra for these stars are plotted
in Fig. B1. Likely the additional variability is present in these stars
but its amplitude is small as compared to the noise level.
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Figure Bl. Frequency spectra for eight stars in which detection of the
additional variability is weak, with 3.0 < §/N < 4.0. Diamond marks the
location of the peak and is placed exactly at S/N = 4.0. Ticks at the top axis
of each panel correspond to P/Pg scale, explicitly given at the top of the
Figure.
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