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Can we predict the spin of galaxies on the cosmic web
from first principles?
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dark halos don't form anywhere

\ 1

Peak background split

(PBS) in ID
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boost
boost

Does this anisotropic biassing have
a dynamical signature? yes! in term of spin!
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'ﬁdal Terque Theory In one cartoon

Can we understand Svhere spin and vorticity
alignments come from?

-usual tidal torque theory v k = Eijk 7 15 ﬂj

tidal tensor

Zeldovich boost
.

Thursday, 27August, 15



Evidences of galaxy spin - filament alignment

Cosmic Filament

Tempel+ (2013)  in the SDSS

P T e
Elliptical galaxies

- <cos(0)> =0.479  <0>=338  pygg=7.7-10"

See also:
Aragon-Calvo+ 2007, Hahn+ 2007, Paz+ 2008, Zhang+ 2009, Codis+ 2012, Libeskind+ 2013, Aragon-Calvo 2013, Dubois+ 2014
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Evidences of galaxy spin - filament alignment

Cosmic Filament

Tempel+ (2013)  in the SDSS
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See also:
Aragon-Calvo+ 2007, Hahn+ 2007, Paz+ 2008, Zhang+ 2009, Codis+ 2012, Libeskind+ 2013, Aragon-Calvo 2013, Dubois+ 2014
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Horizon 4Pi:
DM only
2 Gpc/h periodic box
4096° DM part.

43 million dark halos at
z=0

(Teyssier et al, 2009)

10 000 000 hrs CPU

skeleton
follow filaments
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Horizon 4Pi:

DM only
2 Gpc/h periodic box
4096° DM part.
43 million dark halos at
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mass transition:

Meriy = 4 - 1012M@

M < Meyit : aligned

M > Mt : perpendicular

(Codis et al, 2012)
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Voids/wall saddle
repel...
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Voids/wall saddle
repel...

winding of walls
into filaments
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Voids/wall saddle
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S=rav

Halos catch up " *@
with each other L

along the filaments
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skeleton of LSS

horizon 41T

Explain transition mass!?

Filament -
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Explain transition mass!?

horizon 41T

skeleton of LSS

Transition mass versus redshift
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Tidal torque theory with a
peak background split near a

saddle

»
Warsaw August 26th 2015 ' ' \




® The Idea

o walls/filament/peak locally bias differentially
tidal and inertia tensor: spin alignment reflect this in TTT

@ The picture

@ Geometry of spin near saddle: point reflection
symmetric distribution, 1/10 of 'naive size'

@ The Maths

@ Very simple ab initio prediction for mass transition

The Lagrangian view of spin/LSS connection
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Can we understand where spin and vorticity
alignments come from?

-usual tidal torque theory vd k= Eijk 7 15 f[’l]

tidal tensor

Zeldovich boost
e

in

-anisotropy of the cosmic web:

surrounding of a saddle point
with typical geometry
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Tidal/Inertia mis-alignment

spin  filament

inertia / /

Tidal field ahcake

in saddle mid plane
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Tidal/Inertia mis-alignment
peak

spin filament s /

inertia”

Tidal field B ncake

S spin ~ filament

i saddle m|d pla‘ne away from saddle mid plane
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spin wall -f'Iament

hel'®
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spin filament-cluster animation!?
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http://www2.iap.fr/users/pichon/orientation.html
http://www2.iap.fr/users/pichon/orientation.html

Spin structure  Facened flament
near Saddle

Hessian

Tidal

Thursday, 27August, 15



AM Zeldovitch flow

vectors

— filament

Point reflection symmetry
follows from
‘spin one’ property of
spin !
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http://www2.iap.fr/users/pichon/AM-near-saddle.html
http://www2.iap.fr/users/pichon/AM-near-saddle.html

3DTTT@ saddle? filament
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Does it work with

- log- -Gaussian
Random Field

5?
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for realistic sets of saddles
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Figure 11. Alignment of ‘spin’ along e in 2D as a function of
quadrant rank, clockwise. As expected, from one quadrant to the
next, the spin is flipping sign.
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Does it work with
|Qg Gaussmn point reflection symmetry

for realistic sets of saddles

Random Fields7 from log GRF
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Does it work with
Dark matter @ z=0?
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. c o Codis, Pichon, Pogosyan, in prep.
2D Spin acquisition near peaks

filament
Ly = €ijk 115 115

/Tidal i spin
R €45k Hii 11

—= /vectors

Hessian

<L|peak>2p!

;' "] .
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Theory will involve 2pt
correlation of field AND 2nd derlvatlves 26
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TTT@ saddle?

derivatives of the hield, X

2

the Gaussain joint PDF of the
{ij, Tije, Tijm} and Y =
{vii, Yiik, Yijkl } in two given locations (r, and r, separated
by a distance r = |r; — r,|) obeys

PDF(X,Y) =
X 1" [ Co
Y | @

1

C,
Co

— %

¥
det|2wC|1/2

X
Y

) (A2)

subject to the "saddle" constraints (2D)

height

Kk cos(20) =

1

2

xo2+ T20=v, x12 +x30 =0, 203 + 22,1 =0, 260 gradient

(.’134,0 ot 5130,4) ) msin(29) — —X1,3 — X3,1 -

barametrized curvature
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TTT@ saddle?

the Gaussain joint PDF of the
derivatives of the field, X = {x;;, Zijk, Tijki} and Y =
{vii, Yiik, Yijkl } in two given locations (r, and r, separated
by a distance r = |r; — r,|) obeys

Z0,0,2 + *0,2,0 + 2,00 =V, Z1,0,2 + T1,2,0 + 3,00 = 0, 3 D
PDF(X To,1,2 + %0,3,0 + Z2,1,0 = 0, Zo,0,3 + To,2,1 + Z2,0,1 =0,
1
K11 = 3 (22,02 — 20,0,4 — 2Z0,2,2 — 0,4,0 + T2,2,0 + 2Z4,0,0) ,
K1,2 = Z1,1,2 + Z1,3,0 + £3,1,0, K1,3 = T1,0,3 + Z1,2,1 + Z3,0,1,
1r=® 1~ 1
k2,2 = = (Z0,2,2 — Z0,0,4 + 220,4,0 — 22,02 + Z2,2,0 — T4,0,0) ,
Pl 7| v | :
J K2,3 = Z0,1,3 + £0,3,1 + T2,1,1 - (B4)

subject to the "saddle" constraints (2D)

height zero gradient
o2+ T20=V, 12+ 230=0, o3 +x2,1 =0, &

1

Kk cos(20) = 5 (x40 —x0,4), Ksin(20) = —x13 — x3,1.

barametrized curvature
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- Define the spin at point r, along the z direction as the
anti-symmetric contraction of the de-traced tidal field and
hessian:

(2D)
L(ry) =€ii¥u¥imm = (¥2,0 — Yo,2) (¥1,3 + y3,1) +
y12,1 (Yo,4 — Ya,0) y1 > (Y40 — Yo,4) - (A3)

It is then fairly straightforward to compute the correspond-
ing constrained expectation, (L|pk), for L as

L.(r,0,k,v)= / L(Y)PDF(X,Y|pk)dXdY.  (A4)

_, eg.forn=-2  Incredibly simple prediction !

L, = \ 81125129) ~E (\/—n (r — 4) cos(29) + 69’

asymmetry flnlte extent ant| -ymmetry
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0.04

0.02
02

0.02

@ eg. for n=-2 Incredibly simple prediction !

4 _» 2
P = \fr 51125129) 6—3 (\/EK, (r2 — 4) cos\(29) + 6? :
asymmetry finite extent anti-ymmetry
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2D Theory of Tidal Torque (@ saddle?

Li(E58 +vE58) +v (E55 + (v

6(r, K, I1, v|ext) = F4 (T H - £) 55

1 — 2 $o
/
Hessian
"o 1 7= (fu1 — f22)/2 and f* = fia.

density map

2D =1 0 1 3
x /Rs




2D Theory of Tidal Torque (@ saddle?

(L,lext) = L,(r,k, I, v|ext) = —16(fT@H‘ . §) (Lg”(r) +2(3TH.- f)Lff)(r))

1 f "~ quadrupole (o sin20)
4

Levi-Civita

1

~05

0.02

density map * AM map
25 -1 0 I 2 25 ) 0 T >
X /Rs x /Rs
L) == (603 +7ER5NEs" — (€55 + 6516
(2) _ (¢£AA AA I s X X
Lz7(r) = (€ o5 — €35 658°)  + 1_—172 [(gqﬁ;‘ + Ve )ES — (65T +vE55T)ER ]
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In order to compute the spin distribution, the formalism developed in Section|2lis easily
extended to 3D. A critical (including saddle condition) point constraint is imposed. The
resulting mean density field subject to that constraint becomes (in units of o3):

hi€es +965s) . Y&y +96) . 15 1 ==
o(r, kT, viext) = —S—— + =S 4 S (FTHAH 657, (3.)

where again H is the detraced Hessian of the density and £ = r/r and we define in 3D
§Am+ as fﬁf = (A6, ¢T), with ¢F = @11 — (d22 + ¢33)/2. Note that #1 - H- f is a scalar
quantity defined explicitly as fiﬁij 75 . As in 2D, the expected spin can also be computed.
In 3D, the spin is a vector, which components are given by L; = €;jx0ri1¢; , with € the
rank 3 Levi Civita tensor. It is found to be orthogonal to the separation and can be
written as the sum of two terms

L(r, &, I, v|ext) = —15 (L(l)(r) + L(2)(r)) (#Te-H- ), (3.2)

where L(1) depends on height, v, and on the trace of the Hessian I; but not on orientation
%
L™ (r) = (1 — (€5 + €05 )E" — (€05t + €T IER ]
I
1 —~2

+ 1o (66 +aeeR” - (€5 +e5nes] ).

and L(?)(r) now depends on H and on orientation:
5) .
L®(x) = —2 |2(En" — 604)E5" — (65T - &™) H

+ ((TE5° +BEATIERS — (TE5A + 5EXN)EN)ET - H- )]
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3D Transition mass !

Lagrangian theory
capture spin flip !

Transition mass
associated

with size

of quadrant
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3D Transition mass !

Lagrangian theory
capture spin flip !

Transition mass
associated

with size

of quadrant
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Geometry of the saddle provides a natural ‘metric’ (local
frame as defined by Hessian @ saddle) relative to which

Cloud ir dynamical evolution of DH Is predicted.

cloud effect

' T pic
Tidal torgue theory

Figure 5. Left: logarithmic cross section of M, (r, z) along the most likely (vertical) filament (in

units of 102 Mg ). Right: corresponding cross section of (cos @ )(r, z). The mass of halos increases
towards the nodes, while the spin flips.

geometric split ———  mass split
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Geometry of the saddle provides a natural ‘metric’ (local
frame as defined by Hessian @ saddle) relative to which

Cloud ir dynamical evolution of DH Is predicted.

cloud effect

<cos 6 >

0.8 Eliminate position — (cos#)(M)

1 . . N | . ) . I ) ) . 1 PO 12
2 4 6 8 10 Msun

Figure 6. Mean alignment between spin and filament as a function of mass for a filament
smoothing scale of 5 Mpc/h. The spin flip transition mass is around 4 10'? M.

geometric split — mass split
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Link with Eulerian vorticity?

density caustic

AM Lagragian
map

AM Eulerian map

-

Figure 5. top: Density caustic; Bottom: Zeldovitch mapping of
the spin distribution
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_\Linkwith Eulerian vorticity!?

density caustic

AM Lagragian
map |
1ap
<
-1
Figure 5. torg _ —
the spin distri -2
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Alignement of vorticity with cosmic web
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Warsaw August 26th 2015
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Growth of large-scale structure

In the initial phase of structure formation, flows

are laminar and curl-free. . |
This is no longer valid at the shell-crossing. '
Thin slice of a DM simulation at z=0.
3.2
>
[
24 S
=
o)
o
15 —
Laigle+ (2015) i
0.6 '
Q.2 :
What happens when cosmic
ek , flows cross?
0 5 10 15 20
Laigle+ (2015) Mpc/h
Warsaw August 26th 2015 11
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Vorticity generation

In the initial phase of structure formation, flows

are laminar and curl-free.
This is no longer valid at the shell-crossing.

Thin slice of a DM simulation at z=0.
20I|I|I|Illll’H:‘_Lnlllll|I|I|I|I|I|I|I|I

63.0

=4
"l - ol g 'I‘-l--..

b3
/

15

vorticity

|1I|I|I|I|I|I|I|I|I|I|I|I|I|1'|‘,||||

10 \ Laigle+ (2015)
. Y Vorticity is generated and is
\’ -398  confined in the filaments.
O :l | | | | | | | | | | Im | | | | | | | | | | | | | | | | | | | | | _656
0 5 10 15 20
Laigle+ (2015) Mpc/h
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Alignment of vorticity with filaments

Vorticity is aligned with the filaments.

Laigle+ (2015) e
2.5 L L I L T L 3 I direction of the filament '¢"
- - - -+ 'Wall
50 C filament.w in CDM 2 Tt -
» _ Vortici A=
- - -
15— - '
w = |
+ [ _
1.0 IRt 50 130 0 A A a0 i A S 9 B A 0 1o A 6 B i i AT & a1 W 5 R B ——
0.5 e
\0( =L 6 .....
6\0\)1 | | I " | Ll | Ly | ¢g‘\e
e™ 0.0 0.2 0.4 0.6 08 20
4 lcos ul

Filaments and walls are identified with DISPERSE: Sousbie+ (2011).

-~

-
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Geometry of the vorticity cross-section

SOFTTTTITITITITITTITTITTI T TT @ :
- 4 b . - 0-25_' Laigle+ (2015)
401 SUD-regions - :
- g 3l 0.20 |
= A £l i
301 s 4y 015}
E i - j
20: 6 MPC o 0.10}
- v n a
10 - 0.05 :
- . 0.00F AL e
oLl il il 1)1 L 0.1 2 3. 4 5 6. 7. 8 9.10.11.12.13.14. 15,
0 10 20 30 40 50
Number of sub-regions
Pichon & Bernardeau (1999)
0.10 ? -
o0s - 3 Cross-sectlons are
o.wf _4—:‘ [ | u [ ] [ |
o : typically divided In
| _ | 4 4 quadrants.
-1.0 05 Radius 0.0 0.5 1.0

Theoretical prediction from Pichon & Bernardeau 1999
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Low-mass halos are aligned with the filament

:I_Illllll ITTTITTT IIII|IIII|IIII|IIII ITTTTT
1-15:: ® Mhalo < Mecrit
- M alignment of halo spin
1.10¢ with filament increases
= E with mass.
— ®log M :11.9 -
s 1.05F ®log M :11.7 E
X = ®log M :11.4 E :
1.00F / E E
0.95F =
__\0 Cu i b b b b Ll __36
‘\6 o 0.2 0.4 0.6 0.” 0\\()
%
o° cos 0

Laigle+ (2015)
in DM simulation (1075 haloes)

Warsaw August 26th 2015
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1.15

1.10

1.05

1+C

1.00

0.95

&\
e
QG(Q

High-mass halos are perpendicular

:I‘IIlIIIIIIIIIIIIIIII|IIIIIIII|IIIIIIIIII
= ®logM:13.4
_0\6 II|IIII|IIII|IIII|IIII|IIII|IIII|IIII| eé
0.2 0.4 0.6 0.R 0\\(3
cos 6

Laigle+ (2015)
in DM simulation (1075 haloes)

Warsaw August 26th 2015

® Mhalo > Merit
halo spin tends to be
perpendicular to the
filament.
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Mass dependent Halo spin - filament alignment

:I‘IIlIIIIIIIIIIIIIIIIIIIIIIIIIIII||||||_|:

1.15:: y: ® Mhalo < Mecrit
= 4 M alignment of halo spin

1101 : with filament increases
— - with mass.

1.05F ®log M :11.7 =

4 = .|08 M:11.4 J/ = Mecrit

o] /3

E // E ® Mhalo > Mcrit
- —= - halo spin tends to be

0.95F = perpendicular to the
__\)\0 ||||||||||||||||||||II|IIII|IIII|IIII| _eé ﬁIament‘

o 02 04 06 08 xo©

QG(Q cos 0

Laigle+ (2015)
in DM simulation (1075 haloes)

Warsaw August 26th 2015 6
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Halo-spin vorticity alignment

vorticity along the filament

0

Halo spins are aligned with the vorticity
In quadrants.

_L|I|I|I|I|I|I|I|||||||||||||||||||||||_ il'|'|'|'|'|'|'I'|'|'|'|'|'I'|'I'|'| 10.73
5— 15:: f: 6.10
— 10<log1o(M/Mgy)<11 — N
— — - 1.48
4r — 1l<logio(M/Mgy)<12 — glof:
_ — = -3.15
w3 — 12<log1o(M/Mgy)<13 _ 55:
+ - ] n -7.78
— | — =
N _ 0:_1|.|.|.|.|.|.|.|.|.IQ.|.|.|.|.| 241
2_ 0 ) 10 15
- — Mpc/h
e ST = s
- = E
LR bbb b b b b b By T4 :
—1 -0.5 0.0 0.5 10 o ;
X COS B v o\ :
'bf\ (\06 G(Qe\’a( ,a\\g :

Warsaw August 26th 2015
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Geometry of the vorticity cross-section

0\
: i I I I | I I I | I I I | I I I | I I I 1
__ Lo Laigle+ (2015) —
> [ _
=
-f_,—’ 0.8— —
S - -
o N _
3‘ B ]
% 0.6 —
E | _
S, . _
Stacked profile £ oaf- -
. B _
S L -
a S o2 —
L 0.0_ c e b b b b P b Ly | &‘\‘(\0
0.0 0.2 0.4 0.6 0.8 e © o
4% : r /rmax eég ((\e
., %% Pichon & Bernardeau (1999) \{a
W y position
-“4 | I 8 I :
by~ . LN — o — N !
i O F ' | 6 F i
3 g SE 2> :
S 1 = i 1 °G 4 :” I|
o oE q ! /|
@ 0 W s 5%
8 S SO E e oo mi
L 25| 15 Of |
“ ‘ ik 50 ¢F i O [
: Gl = F {1 o -2 .
w o _ E -4 :
- -6t . \ :
00 02 04 06 08
radius

High vorticity regions are located at the edges of the filament.
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Mass transition for spin alignment

|dealized toy model: The position is fixed and the radius of the halo increases:

2 X J
1.

)

Magnitude of spin

Rh/R

Transition mass is correlated with the size of the quadrants.

Warsaw August 26th 2015 23
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2 X J
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Magnitude of spin
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Transition mass is correlated with the size of the quadrants.
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Mass transition for spin alignment
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2 X J
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Magnitude of spin
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Mass transition for spin alignment

|dealized toy model: The position is fixed and the radius of the halo increases:

» X J
| |
/ N %5
,/\ -y Es
\ < ' =
' | Rh/R

Transition mass is correlated with the size of the quadrants.

Warsaw August 26th 2015 23
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Mass transition for spin alignment

|dealized toy model: The position is fixed and the radius of the halo increases:

2 X J
1.

)

Magnitude of spin

Rh/R

Transition mass is correlated with the size of the quadrants.
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Mass transition for spin alignment

|dealized toy model: The position is fixed and the radius of the halo increases:

2 X J
1.

)

Magnitude of spin

Rh/R

Transition mass is correlated with the size of the quadrants.
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In short...

, Vorticity is confined in the filaments, and

* aligned with them. The cross-section i W
with a plane perpendicular to the s SR
filament is typically quadripolar. e

A

== Halo spins are aligned with the same
polarity than vorticity in quadrants.

X
s« Qualitatively, the transition mass in the N
alignment could be correlated with the y
size of the quadrant. 4

24
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Explain transition mass? YES!

Transition mass versus redshift

1x 10"

5% 10"

ol

= 1x10"

5% 10"

1x10"

Filament

3 e Ro=7.2Mpc/h
Filament'~
Ro=5Mpc/h™,

Codisetal |2

1 L |

1 2.
1+z

horizon 4T1T

skeleton of LSS

Only 2 ingredients. a) spin is spin one b) filaments flattened
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Explain transition mass? YES!

Transition mass versus redshift

1x 10"

5% 10"

= 1x10"

ol

5% 10"

Filamen\t\\
Ro=5Mpc/h™,

Filament
e Ro=7.2Mpc/h

1x10"

1+2z

horizon 4T1T

skeleton of LSS

Only 2 ingredients. a) spin is spin one b) filaments flattened
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~—

Outer halo

N\

Inner halo
Filament @
O ‘ -

Wall section

Connecting Eulerian &
Lagrangian theories |




Outer halo

Inner halo

Filament

O

+/eldovitch boost

N .
Wall sectio

BUT in // from the pt of view of LSS

Thursday, 27August, 15



tidal sphere of influence
onto dark halo

Lagrangian quadrant

tidal sphere of influence of Lagrangian quadrant Flrst progenitor
filament and wall second progenitor
/ Lagrangian halo

© (@] [ [®) ® [ ) ®

: : - - - “'/"' o (&) o ‘
Eulerian caustic, 2
lower/upper y
left quadrant : ‘

SREEELEREN T 45 Wall section

- W Lagrangian quadrant

, . N third progenitor
Eulerian caustic, ™

lower right quadrant ":'*"\-'--.-,,m_ / /

(not to scale)

Complementary vorticity advection view
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Take home message:..

® Morphology (= AM stratification) driven by LSS in cosmic
web: it explains Es & Sps where, how & why from ICs

® Signature in correlation between spin and internal kinematic
structure of cosmic web on larger scales.

® Process driven by simple PBS/biassed clustering dynamics:

- requires updating TTT to saddles: simple theory :-)
- can be expressed into an Eulerian theory via vorticity

Where galaxies form does matter, and can.be traced back to ICs
Flattened filaments generate point-reflection-symmetric AM/vorticity distribution:
they induce the observed spin transition mass

® which is why the 0-Web is the best :-)

.
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- What about galaxies 77 -

* Horizon-AGN simulation Jade (CINES)

(P1Y. Dubois, Co-1 J. Devriendt & C. Pichon)
, L,,x=100 Mpc/h
. 10243 DM particles Mpy ,6s=8x107 Mg,
Finest cell resolution dx=1 kpc
Gas cooling & UV background heating
Low efficiency star formation
Stellar winds + SNII + SNla

O, Fe, C, N, Si, Mg, H
AGN feedback radio/quasar

e Qutputs
(backed up and analyzed on BEYOND)

— Simulation outputs
— Lightcones (1°x1°) performed on-the-fly

» Dark Matter (position, velocity)
* Gas (position, density, velocity, pressure, chemistry)

» Stars (position, mass, velocity, age, chemistry)
» Black holes (position, mass, velocity, accretion rate)

o z=1.5using 3 Mhours on 4096 cores

horizon-AGN.projet-horizen.fr | z=1.2



Part V Outline

@ Can morphology/physics trace spin flip?
@ Are transition masses consistent?

@ The fate of forming galaxies

@ The fate of merging galaxies




Galaxies versus dense filaments
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can morphology
trace spin flip ?

® thanks to AGN feedback we have
morphological diversity




Colour

T ———

Irregular Elliptical
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Filament-galactic spin & mass
1.10

=183 ®log M /Mg =10.75

1.05

M
+
i
[ ] 1.15§II|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|II_|_
1.10;
u1-05§ elog M :11.7
4 = ®log M :11.4
Loof /
0.95;
:|:II|IIII|IIII|IIII|IIII|IIII|IIII| IIIIIIIIII

0.0 0.2 04 0.6 0.8 1.0 02 04 06
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Can morphological/physical properties of
galaxies trace spin flip?

- z=1.83

®log M /My =10.75
®log M /My =10.25
®log M /Mg =9.75
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IS morphometric
fransition mass
consistent

with DM 7




Final point 1/2:
low mass galaxies




What is the physical origin of low mass galaxies
spin-filament alignment ?
Vorticity arising from kin. structure of filament!

0.60

Vorticity -galactic spin

!A_ll|l|l|l|IIl|l|l|l|lll|l|l|l|lll|l|l|l|ll

0.45

Illll‘l“l‘llllllllllllllllllllllllllllll
-1.0 -0.5 0.0 0.5

cosu
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Final point 2/2:
high mass galaxies




What is the paysical origin of spin flip?

high mass galaxies merge!

I|I|I|I|I|I|I|I|I|I
Galaxies

— 6m>0, NMm =1
@ 6m>0, NMm =2

1.2

I
+ 1.0 ;/
— Transition mass
0.9 versus merging
— Am=0, 9.4 < log M/M_ < 9.6
— rate
— for galaxies

0.8

| | | | | | | | | | | | | | | | | | |
0.0 0.2 0.4 0.6 0.8 1.0

o
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Caught in the rhythm: satellites in their galactic plane

C. Welker'*, Y. Dubois!, C. Pichon'?, J. Devriendt>* and N. E. Chisari’

filament
@ satellite

. galactic plane
satellites

O2 @

(@ @ filament
ble ctral . red central - LCDM.‘H dro
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1D level crossing primer

P(p=0IVpMp|

P(p =0[Vp) dp

d
et Z PO Y 5 ng,=Pl=09p) VA

dp

f

Nzeroes = f dVp [Vp|P(p=0,Vp) x gé‘

Nextrem = f dVVp [VVp|P(Vp=0,VVp) x %12
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Summary of 1D Gaussian calculations

Fundamental scales Ry, R. n=1, y-1
n 1 01 n 1 092
zero X RO 007 maxima R. o
2 n=-3 -0
Nnaxi R, Y
peme == =gt 7 e[01] /v\/\\
Nzero 0002 0
More sophisticated result: \/
Maxima above threshold n = p/og

NmaxP(n) v — 0

Nmax(p > 1100) = { NmaxP(n)(yn) ~— 1
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back to 2D Theory
without Hessian approximation
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