Chapter 18
Relativity enters te hnology { the
Global Positioning System
This hapter is based on the arti les by Neil Ashby [226℄ { [229℄.69
The US-based Global Positioning System (GPS) is by today one of a few Global Navigation Satellite Systems (GNSS) that are working or are being developed and prepared
for operation. The other ones are the Russian GLONASS (Global Navigation Satellite
System), the European Galileo and the Chinese Beidou. The GPS was the rst (laun hed
in 1977), and by now is the longest-working and most widely used, therefore this overview
will be fo ussed on it. It was originally intended for military use only, but is a essible to
ivilian users sin e 1989. The relativisti e e ts are present in all GNSS.

18.1 Purpose and setup
The GPS provides spa e and time oordinates of portable re eivers on the Earth surfa e and
above it. It onsists of a onstellation of satellites that arry atomi lo ks, several groundbased monitoring stations, and a Master Control Station in Colorado Springs. Information
between the satellites and the ground stations is transmitted by ele tromagneti waves at
two frequen ies [226℄.
The orbital planes of the GPS satellites are in lined at 55Æ to the equatorial plane. At
this angle the perturbations of the satellite paths aused by the Earth's quadrupole moment
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have zero time-average. The basi system in ludes 6 su h orbits, regularly arranged with
respe t to the equator, and 4 satellites on ea h orbit. In addition, there are several spare
satellites and lo ks. This distribution of satellites in spa e ensures that, in prin iple, at
least 4 satellites are almost always in the eld of view from every point on Earth's surfa e.
Ea h satellite arries a esium lo k of a ura y 5  10 14 , i.e., 4 nanose onds per 24 hours.
The a ura y in time of 1 ns implies the a ura y in spa e of 10 m. The relativisti
e e ts are mu h larger than this, as will be seen from the following. A ura ies of about
1 mm are te hni ally feasible by today, but are a essible only for US military use.
Ea h satellite sends a stream of ir ularly polarised ele tromagneti waves that arries
information about its time- oordinate and position in spa e. The signals are re eived by a
network of monitoring stations on the ground and forwarded to the Master Control Station.
There, the state of the whole onstellation is analysed and predi ted for the next few hours.
Based on the predi tions, the lo ks in the satellites are periodi ally orre ted.
The users arry lo ators that determine the user's time, position and velo ity using
the information transmitted in the signal { see below. Until 2000, ivilians were shielded
from the highest pre ision: the two arrier frequen ies were intentionally u tuated (highpre ision positioning required a ess to undisturbed signals). From 2000 on, this limitation
does not exist, and new signals are being added to in rease the pre ision even further. See
Ref. [230℄ for the urrently available menu of signals.
Without the relativisti orre tions, the GPS would be useless { see the end of this
hapter. This system ould be used for experimental tests of relativity, but its pre ision is
not better than that of dedi ated experiments.

18.2 The prin iple of position determination
Let r!i be the positions of 4 lo ks, i = 1; 2; 3; 4, given at times ti . Let !r and t be the
unknown position and time of the re eiver; all the!times and positions are referred to a
lo al!inertial
frame. Consider the signals sent from ri at ti that are simultaneously re eived

at r ; t . Sin e the velo ity of light is onstant, we have
2
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(18.1)

ri :




These are 4 equations, to be solved for the 4 unknowns !r ; t . But, in onsequen e of high
pre ision of the system, the referen e frame with respe t to whi h the times and positions
are al ulated must be arefully de ned { see the next se tions.
The timing signals are pla es in the wave trains where the phase of the ele tromagneti
wave hanges sign. At those events, momentarily F = 0, and this is independent of the
referen e system.
The following referen e systems will be used in the al ulations:
ECEF = Earth- entered, Earth- xed. This system rotates with the Earth.
[230℄ https://www.gps.gov/systems/gps/modernization/ ivilsignals/
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ECI = Earth- entered inertial. This system, like the previous one, has its origin at the
entre of the Earth, but does not rotate.
The meter and the se ond of the SI are de ned in ECEF.

18.3 The referen e frames and the Sagna e e t
Equation (18.1) applies in a lo al inertial frame, while navigators on the Earth use the
noninertial ECEF frame. Transformations between them are needed in using the GPS.
Ignore for a moment the gravitational eld of the Earth. In an inertial frame, in
ylindri al oordinates, the Minkowski metri is
ds2 = ( dt)2 + dr2 + r2d'2 + dz2 :
(18.2)
The transformation equations to the ECEF frame with the oordinates (t0 ; r0; '0; z0 ) are
(t; r; z) = (t0; r0; z0 );
' = '0 + !E t0 ;
(18.3)
where !E = 7:292115  10 5 rad/s is the angular velo ity of rotation of the Earth. The
Minkowski metri in the ECEF frame is thus


2
2 02 2
(18.4)
ds = 1 !E r = ( dt0 )2 + 2!E r02 d'0dt0 + dr2 + r2d'0 2 + dz0 2:
So, in a rotating frame,qthe time oordinate t0 is not the proper time of the omoving
observer (whi h is d = 1 (!E r0= )2dt0 ), but the proper time of the ECI observer.
Suppose, a set of observers on the rotating Earth use the Einstein syn hronisation
method (by sending light rays between2 them and registering the emission/dete tion times).
Sin e !E r0=  1:5  10 11, (!E r0= )  2:25  10 22  !E r0= and an be negle ted. The
equation of the light signal is then
0 = ds2 = ( dt0 )2 + 2 (!E = ) r02d'0 ( dt0) + d0 2;
(18.5)
where
d02 def
= dr 2 + r 2 d'0 2 + dz 0 2 :
(18.6)
The solution of (18.5), up to !E r0= , is
dt0 = d0 + 1 !E r02d'0 = d0 + 2!edA0z = ;
(18.7)
see Fig. 18.1 for the de nition of dA0z . Thus, the light pulse traverses a path P in the time
Z
Z
Z
!E
1
0
0
d + 2
dA0 :
(18.8)
T = dt =
P

P

2

P

z

The rst term applies in an inertial frame, the se ond one is the orre tion due to rotation.
Now suppose that we try to syn hronise lo ks on the equator by sending a light ray
eastward, all around the Earth. Then the path P is the whole equator, and
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r’
d ϕ’

Figure 18.1: The surfa e area of the wedge is dA = 12 r 2d'. This is the area swept
0

z

0

by the radius-ve tor of the head of the light ray, proje ted on the equatorial plane.

2!E = 2 = 1:6227  10 21 s/m2,
r 0 = a1 = 6 378 137 m is the equatorial radius of the Earth,
2 !E R dA0z = 207:4 ns is the additional time needed for the light ray to at h up with
P
its point of origin.
The last quantity is the error in syn hronisation aused by Earth's rotation; it is alled the
Sagna e e t70 [232, 233, 234℄.
For a ray sent around the equator in the westward dire tion, the error would have the
same magnitude, but opposite sign { the ray would meet its point of origin by 207.4 ns
earlier than if the Earth were not rotating.
One might think that the error would be avoided by moving a portable referen e lo k
along the equator, with negligible velo ity. This does not help. The proper time of the
lo k would be, from (18.4)
"

2
 0 2 #
2
0
0
0
d 2 = (ds= )2 = dt02 1 !E r
2 !E2r dd't0 12 ddt0 :
(18.9)
Assuming 2slow motion, 1 d0=dt0  1, and (!E r0= )2  !E r0= again, we obtain d 
dt0 !E r0 d'0= 2, so for the travel time all around the equator eastward we again obtain
2

Georges Sagna was an opponent of spe ial relativity, and he interpreted his e e t as a proof of
existen e of the aether. The orre t explanation of this e e t was rst given by Paul Langevin:
[231℄ P. Langevin, C. R. A ad. S i. Paris 173, 831 (1921).
[232℄ G. Sagna , L'ether lumineux d'emontre par le et du vent relatif d'ether dans un interferometre en
rotation uniforme. C. R. A ad. S i. (Paris), 157, 708 (1913).
[233℄ G. Sagna , Sur la preuve de la realite de lether lumineux par l'experien e de l'interferographe
tournant. C. R. A ad. S i. (Paris), 157, 1410 (1913). Refs. [232, 233℄ ited after Ref. [234℄.
[234℄ J. Frauendiener, Notes on the Sagna e e t in General Relativity. arXiv:1808.07914.
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the same formula (18.8), and the same syn hronisation error. The on lusion is:
In syn hronising

lo ks all over the Earth,

onstant referen e must be made to the syn-

hronisation in the underlying inertial frame, ECI. This is the only self- onsistent frame.

18.4 Earth's gravitation and the SI time units
We assume the following:
1. The mass distribution in the Earth is stati ,
2. The origin of the lo al inertial frame is at the Earth's enter of mass.
Then the linearised solution of the Einstein equations that des ribes the Earth's gravitational eld is, in agreement with (10.37):




2
V
2
V
2
2
( d t) + 1
dr2 + r2d#2 + r2 sin2 #d'2  ;
(18.10)
ds = 1 +
2

2

where



GM
r

 a 2



=
1 J2 r P2( os #)
(18.11)
is the Newtonian gravitational potential of the Earth ( al ulated up to terms of order r 3),
M is the mass of the Earth, a1 is, as before, the equatorial radius of the Earth, and
V

1

 GM = 3:98600418  1014 (m3/s2 ),
 J2 = 1:0826300  10 3 is the quadrupole moment of the Earth,
 P2( os #) = 12 (3 os2 # 1) is the se ond Legendre polynomial; # in this formula is

measured down from the rotation axis.

We transform the metri (18.10) to the rotating ECEF frame by eq. (18.3), and negle t
terms (!r0= )n where n > 2. The result is


2
2
( dt0 )2 + 2 !E r02 sin2 #0 dt0d'0
ds =
1+


+ 1 2V2

where

2



dr0 2 + r02 d#0 2 + r02 sin2 #0 d'02



;

(18.12)

(18.13)
 def
= V 21 (!E r0 sin #0 )2
is the e e tive potential { the sum of the gravitational and entrifugal potentials. In
(18.12), t0 is the proper time of observers at rest at in nity.
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The SI time units are de ned by atomi lo ks at rest in the ECEF system at the mean
sea level. These lo ks rotate with the Earth and, be ause of rotational attening, are at
di erent distan es from the Earth's entre. So, for pre ise syn hronisation, we need the
equation of the idealised Earth's surfa e ( alled geoid) and the values of  all over it. The
geoid is de ned as the surfa e of onstant e e tive potential, thus from (18.11) and (18.13)
0 = onstant: (18.14)
2GM 1 J  a1 2 3 os2 #0 1  (! r0 sin #0 )2 def
=
2
E
2
0
0
2
r
r
2
Models of the geoid that in lude higher multipoles are known. However, the sum of the
rst 20 multipoles gives a orre tion to 0 = 2 of the order of 10 16, so it is negligible.
To nd the value of 0 = 2, we take it on the equator, where #0 = =2 and r0 = a1 :
0 = 6:9693  10 10:
(18.15)
2

It is seen from (18.12) that  { the proper time of a lo k at rest on the geoid, is related
to the inertial time at in nity t0 by
d = ds= = dt0 1 + 0 = 2 :
(18.16)
Thus, the atomi lo ks on the Earth
ompared to the ( tional, idealised) lo ks
at rest at in nity (be ause 0 < 0). The rate of the two frequen ies is  7  10 10 , whi h
is  10 000 times the fra tional frequen y stability of the best esium lo ks.
However, sin e 0 is onstant, all atomi lo ks at the sea level beat at the same rate.
Consequently, the time oordinate on the Earth may be res aled by a onstant fa tor so
that it oin ides with the proper time of the standard lo ks

t00 = 1 + 0 = 2 t0 :
(18.17)
Up to terms of order 1= 2, the transformation (18.17) hanges the metri (18.12) as follows:




0
2
ds =
1+2
( dt00)2 + 2 !E r002 sin2 #0 d'0 dt00
run slow



+ 1 2V2



2

dr02 + r02d#0 2 + r02 sin2 #0d'0 2



:

(18.18)

On the geoid, where  = 0 , the time oordinate t00 is the proper time. We will drop the
primes on t00 from now on. The ECI metri results from (18.18) when !E = 0 and  = V .

18.5 The realisation of the oordinate time
Now apply the transformation (18.17) to the metri (18.10). The result is




V 0
2
V
2
2
ds = 1 + 2 2 ( dt) + 1 2 dr2 + r2d#2 + r2 sin2 #d'2  : (18.19)
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This metri is in the ECI referen e system. Clo ks moving with respe t to it will display the
time-dilation resulting from their motion, and the gravitational frequen y shifts onne ted
with di erent values of V at their lo ations. But the time- oordinate in (18.19) is the
well-de ned time on the geoid, so it an be used as a universal basis for syn hronisation in
the whole GP system. To take into a ount the time-dilation and gravitational frequen y
shifts, let us fa tor out ( dt)2 from (18.19):

 

2
V v2
V 0
2
1
( dt)2;
(18.20)
ds = 1 + 2
2

where

2

2

2
2
 2

d
'
d
r
2 d#
2
2
(18.21)
v =
dt + r dt + r sin # dt
is the velo ity of the lo k in the ECI system. We an negle t the se ond V = 2 in (18.20)
sin e it is multiplied by (v= )2. Negle ting also other terms of the order (v= )4, the proper
time of a moving lo k is related to its time- oordinate t by


V 0
v2
def
ds= = d = 1 + 2
(18.22)
2 2 dt:
Solving this for t, again only up to terms of order (v= )2, we obtain

Z
Z 
v2
V 0
+ 2 2 d:
(18.23)
dt =
1
2
path
path
2 def



This is the set of orre tions to be applied in syn hronising the GPS lo ks. The last term
in (18.23) is often alled the transverse or se ond order Doppler e e t.

18.6 Sele ted orre tions of the orbits of the GPS
satellites
18.6.1

Corre tions for gravity and velo ity

The term 0 in ludes the Earth's quadrupole moment, but the orre tion for quadrupole in
0 = 2 is GM J2 =(2 2a1 )  3:76  10 13. At the satellites' positions this would be  10 14,
and we will negle t it for a while.
We also assume that the GPS satellites follow Keplerian orbits. This is not the ase
for low orbits, but the GPS orbits have radii of  25000 km, and for them the assumption
is ful lled with suÆ ient a ura y. With the quadrupole term negle ted, the satellites
move in the potential V = GM=r. Let a be the semimajor axis of the orbit, and e its
e entri ity. The orbits are then ellipses, and their equation is
1 e2 ; e = p1 (b=a)2 ;
(18.24)
r=a
1 e os '
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where ' is the azimuthal oordinate of the satellite in the polar oordinates whose origin
oin ides with the enter of the Earth and with the fo us of the ellipse (this oordinate is
also alled \true anomaly"). Another useful des ription of the orbit is via the \e entri
anomaly" E de ned in Fig. 18.2. Using E , the equation of the orbit is
r = a(1 e os E ):
(18.25)
The relation between the two oordinates is
(18.26)
os ' = 1 os eE os Ee
(the proof of this is left as an exer ise for the reader). The dependen e of E on the
Newtonian time is
r
GM
E e sin E =
(t tp) ;
(18.27)
a3
where tp is the time of passage of the satellite through the perigee, E = 0 in Fig. 18.2.
(Equation (18.27) is part of standard ourses of me hani s; deriving it is again left as
an exer ise for the reader. Hint: The angular momentum of the satellite is related to the
parameters of the orbit by J 2 = GM m2 a (1 e2 ), and the angular momentum rst integral
is mr2d'=dt = J , where M is the mass of the Earth and m is the mass of the satellite.)
K

a
P
E
C
El

Figure 18.2: De nition of the e entri anomaly E for the point P on the ellipse El

with semimajor axis a. The ir le K has radius a and is tangent to El at both ends of
its longer axis. (Imagine the ellipse being stret hed in the verti al dire tion by the ratio
a=b, where b is its semiminor axis. After this, El will oin ide with K. E is the azimuthal
oordinate of the point on K where P will land after the stret hing.)

Using the formulae given above, the total energy per unit mass of a satellite is
v2

2

GM
r

= GM
2a ;

(18.28)
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Figure 18.3: Fra tional frequen y shifts at various distan es from the Earth's enter.
The distan e is the a in Eq. (18.30).
so it is onstant on the orbit, as expe ted. After using this in (18.23) to eliminate v2, and
rearranging the terms for better readability, we obtain


Z
Z 
3
GM

2
GM 1 1
0
dt = 1 + 2a 2 + 2
d:
(18.29)
2
a r
path
path
The term in parentheses is zero on ir ular orbits, while the two onstant terms, on a GPS
satellite orbit, sum up to
tGPS def
3GM + 0 = 4:465  10 10:
=
(18.30)

2a 2 2
Sin e this is < 0, a lo k on a ir ular orbit with a the same as for GPS satellites goes
faster than a lo k on the Earth. So, in order that the re eivers on the Earth see the right
frequen y of the lo k signal, 10.23 MHz, the lo ks on satellites are adjusted before laun h
to go at the orre ted frequen y:

 orr = 1 4:465  10 10  10:23 MHz = 10:22999999543 MHz:
(18.31)
Figure 18.371 shows the frequen y shift  resulting from (18.30) as a fun tion of a. On
low orbits (for example the Spa e Shuttle orbit)  < 0 be ause a in (18.30) is smaller, so
3GM=(2a 2) > 0 is large, and makes t= > 0, so = < 0. On high orbits = > 0.
The two e e ts an el out at a  9545 km.
At the laun h of the rst GPS satellite on 23 June 1977 some engineers did not believe
that relativisti e e ts were meaningful. But, just in ase, a frequen y synthesiser was
71

Fig. 18.3 was supplied by N. Ashby by private ommuni ation to the author of these notes.
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built into the satellite lo k system so that orre tions ould be swit hed on if relativity
turned out to be orre t. The un orre ted system ran for 20 days, during whi h the
frequen y measured for the satellite lo k was 442:5  10 12 larger than for the lo ks on
the ground. The predi tion of relativity was 446:5  10 12. This was in fa t an experiment
on rming the ombination of two relativisti e e ts (transverse Doppler and gravitational
redshift). After 20 days, the frequen y orre tion was swit hed on. In later-built satellites,
the orre tion is built in into the hardware.
18.6.2

The e

entri ity

orre tion

The last term in (18.29) an be integrated exa tly if we observe, from (18.27), that
r

dE = 1
GM
(18.32)
dt 1 e os E a3 ; r
1 1 = e os E  e a3 os E dE :
(18.33)
r
a
a(1 e os E )
a
GM
dt
This last term in (18.29) ontains the fa tor 1= 2, and the di eren e between dt and d is
also of order 1= 2. So, if we repla e d by dt in the integral, the error will be of order 1= 4
{ negligible at our assumed a ura y.
Consequently, using (18.32) we obtain
p



Z 
Z
2
GM
2
1
1
2
GM 1 1
GM a
d
 =
d
t=
e(sin E sin E0 ): (18.34)
t =
2
2
2
a r
a r
The additive onstant / sin E0 only resets the origin of time. The variable term is


10 s
t = + 4:4428  10 pm epa sin E:
(18.35)
This orre tion ould have been applied in the satellite lo ks. However, insuÆ ient omputing power available in the 1970s di tated the de ision to apply (18.35) in the re eivers.
Now it is too late to reverse this de ision be ause of the large investment already made by
manufa turers into the devi es existing on the market. This means that ea h hand-held
GPS lo ator applies this relativisti orre tion (and the same is true for other GNSS-s).
The e entri ity e e t (18.35) allows for one more test of relativity. It was arried out
be ause an oÆ ial do ument distributed in 1997 by the Aerospa e Corporation laimed that
the orre tion (18.35) ould be negle ted for a re eiver on the orbit. This error, if a tually
implemented in the system, would have atastrophi onsequen es: the next generation
of the GPS satellites is able to work independently of ground ontrol for periods of up to
180 days. They determine their positions by pi king up signals from other GPS satellites.
Figures 18.4 and 18.572 show the results of this experiment.
72

These gures were opied from Ref. [226℄ and used here with the permission of N. Ashby.
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Figure 18.4: The relativisti e entri ity e e t: Comparison of experimental results
with the predi tion of the theory for the GPS satellite with the largest e = 0:01486. The
mean di eren e in positions between theory and experiment is 22 m, whi h is 2.2 % of
the amplitude, 10.2 m.

18.7 The 9 largest relativisti e e ts in the GPS
The relativisti e e ts in uen e the rate of time ow in the omponents of the system.
Be ause of the large value of , small dis repan ies in timing translate into large di eren es
in al ulated positions of the re eivers. If the relativisti orre tions were negle ted, the
errors would a umulate over time. An illustrative measure of the importan e of those
orre tions is the error in determining the position of the re eiver if the orre tions were
negle ted for 24 hours. The table (based on Ref. [227℄) shows the 9 largest e e ts.
So, every time when we determine our position using a GPS re eiver and obtain a orre t
result, we arry out an experiment that on rms the predi tions of general relativity.
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Figure 18.5: The relativisti e entri ity e e t: t=e measured experimentally vs. the
predi tion of theory for 5 GPS satellites with the largest values of e. Here the agreement
between the theory and experiment was at the level of 2.5 %.

The in uen e of relativisti e e ts on the pre ision of lo ation in the GPS

(Adapted from Ref. [227℄)

E et
In uen e on the lo ks in the re eivers

Earth's gravitational eld
Oblateness of the Earth
Altitude of the lo k (e.g. 10 km)
Rotation of the Earth (on the equator)
Velo ity of the lo k (e.g. 600 km/h)
Syn hronisation on the rotating Earth (Sagna e e t)
In uen e on the lo ks in the satellites

Earth's gravitational eld
Orbital velo ity of the satellite

In uen e on the propagation of the ele tromagneti waves

Rotation of the Earth

Error
after 24 hours
18 km

9.7 m
28 m
31 m
10 m
up to 62 m
4.3 km
2.2 km

up to 41 m

